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Abstract

Over-collateralized lending protocols rely on liquidation incentives to maintain solvency, yet key
parameters such as liquidation bounties, collateral factors, and liquidation thresholds are often fixed or
adjusted only through slow governance processes. This paper develops a game-theoretic framework for
dynamically adjusting these parameters in decentralized lending markets with competing protocols. We
model borrowers, lenders, and liquidators as populations that choose among protocol—collateral pairs
as a population game, while the upper-level interaction between protocols is modeled as an equilibrium
problem with equilibrium constraints. We introduce a variationally stationary Nash concept that reflects
the fact that protocols directly control only their own parameters while the market equilibrium state is
induced indirectly through participant behavior. To compute such points we reformulate the EPEC as
a linkage problem, and propose a homotopy progressive decoupling algorithm. Under elicitable maxi-
mal monotonicity and graphical convergence assumptions, cluster points of the algorithm induce vari-
ationally stationary Nash points of the original EPEC. The framework provides a means protocols to
dynamically update parameters in decentralized lending markets. We conclude with numerical exper-
iments highlighting how protocols who use such an algorithm can improve conditions for borrowers

while maintaining systemic stability of the multi-protocol lending market.
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1 Introduction

Over-collateralized lending protocols (OLPs), have become an increasingly important tool used by cryp-
tocurrency owners who wish to operationalize their crypto assets. Simply put, overcollateralized lending is
the process of lending capital to a borrower who has posted collateral of higher value than the loan itself.
This is not a new idea. Take for example an individual who wants access to capital. Instead of selling their
illiquid assets such as property, they instead post these assets as collateral and borrow against them.

To understand how such a process can be decentralized and implemented on a blockchain, consider

Alice and Bob. Assume Bob wishes to loan 100 units of crypto asset A, which has a fixed nominal value



of one dollar per unit. Also assume that Alice owns 100 units of crypto asset B, which has a fluctuating
nominal value of one dollar per unit. Like the hypothetical property owner, Alice wishes to obtain liquid
capital without selling her existing crypto assets since her asset might appreciate in value. To do this Alice
posts collateral of 100 units of asset B, then takes out a loan of 75 units of asset A from Bob. In this way
Alice’s loan remains overcollateralized with a debt to collateral ratio of 0.75. Often times a decentralized
market will enforce that the debt to collateral ratio remains bellow some constant refered to as a liquidation
threshold. Assume that Alice takes asset A, sells it, invests the proceeds, and nets a ¢% gain. In the best
case scenario asset B, which serves as Alice’s collateral, increased in value to two dollars per unit. In which
case Alice, sells her investment, repurchases 75 units of asset A at one dollar per unit, repays her loan of 75
units of asset A plus interest of rate r, then retrieves her collateral of 100 units of asset B. In total Alice has
a net gain of 75(¢g — r) + 100 and the lender has a net gain of 75r.

Blockchain systems lack legal recourse, so when the collateral looses instead of gains value, the protocol
must ensure that loans remain solvent through purely algorithmic means. For example if the value of Alice’s
debt to collateral ratio exceeds a specified threshold, then Bob should be worried that his loan may no
longer be paid back in full. In this case Alice’s collateral is eligible for liquidation to pay back the lender.
Otherwise Alice can settle her debt whenever she chooses. Importantly the process of liquidating collateral
is not automatic and is not driven by a central authority. Instead a liquidator is allowed to repay a portion of
the debt to the lender, and in return the liquidator receives a value-equivalent portion of the collateral plus
some reward called a liquidation bounty. Without liquidators a lending protocol can accumulate “bad” debt
resulting in some borrowers being unable to repay the lender. As a result overcollateralized lending protocols
rely on carefully engineered interactions between borrowers, lenders, and liquidators which are designed to
incentivize borrowers to borrow, lenders to lend, and liquidators to liquidate bad and under-collateralized
loans. These OLPs often compete with each other to attract borrowers, lenders, and liquidators to their

protocol.

1.1 Research Question

In practice, many of the protocol’s operational parameters such as liquidation bounties are fixed. In the
rare occasion when the parameters are changed, protocols call upon the market participants to vote on such
changes. These “governance votes” can take anywhere from one day to weeks, which means that protocols
are unable to adjust to market conditions in real time. For example liquidation bounties are often fixed at
approximately 5% of the liquidated collateral value. Such rewards ensure that liquidators are incentivized
to monitor loans and clear “bad” debt from the protocol. However liquidation bounties create potentially
unnecessary costs to borrowers since the liquidation bounty is deducted directly from their collateral during
liquidation events. This raises the question of whether large fixed liquidation bounties and other parameters
are required to incentivize sufficient participation of liquidators,lenders, and borrowers in the market? The

primary research question we wish to address is then the following.



Research Question: Can an algorithmic controller be developed that allows a protocol to dynamically adjust
liquidation bounties and other protocol parameters in order to reduce effective borrower fees and while still

retaining sufficient market participation of borrowers, lenders, and liquidators.

To answer this questions we formulate a bi-level game to model competition among protocols for market
participation. By finding the equilibrium of such a game we determine whether or not a smaller liquidation
bounty is feasible while preserving the stability of the lending system. Additionally, by analyzing the equi-
librium of this game, we can characterize how market participants respond to protocol parameters. We
can then use this relationship to design feedback rules that adjusts previously fixed or inelastic protocol

parameters.

1.2 Prior Work

A growing body of research studies have aimed to understand how protocol parameters can be used to bal-
ance the participation of borrowers, lenders, and liquidators in OLPs. Specifically, recent work has focused
on adaptive mechanisms for adjusting interest rates. For example, Bastankhah et al. (2024a) proposes a
two-timescale controller that dynamically adjusts lending interest rates in order to stabilize utilization and
liquidity conditions. Similarly, Bastankhah et al. (2024b) develops a learning-based mechanism that adapts
lending rates based on observed supply and demand in DeFi markets.

However this line of work has largely focused on interest rate adjusting algorithms whose primary effect
is to influence the participation of borrowers and lenders. Other important protocol parameters such as the
liquidation threshold and liquidation bounty interact primarily with liquidators rather than borrowers and
lenders. Despite the central role the liquidators play in maintaining protocol solvency, algorithmic means of
controlling these liquidator-focused parameters has been largely ignored. Such algorithmic controllers are
of particular interest since liquidators serve as the primary enforcement mechanisms of the OLP. Without a
sufficient population of liquidators under-collateralized loans may persist, potentially leading to default and
reputational damage to the protocol. Additionally, most existing work studies individual lending protocols
in isolation. In reality DeFi lending markets consist of multiple competing protocols that simultaneously
attempt to attract borrowers, lenders, and liquidators. For example, a protocol that sets overly conservative
parameters may lose market participants to other protocols offering more attractive borrowing or lending
conditions. On the other hand, a protocol that sets overly aggressive parameters risks alienating market
participants or accumulating bad debt.

There has been growing interest in empirically understanding the role of such parameters on OLPs.
For example, Qin et al. (2021) provides one of the first systematic empirical studies of liquidation events
across major DeFi lending protocols and shows that liquidation incentives significantly influence both mar-
ket outcomes and borrower losses. Related work such as Perez et al. (2021) studies the sensitivity of DeFi
lending systems to liquidation parameters and shows that relatively small changes in these parameters can
substantially affect liquidation efficiency and protocol stability. Taken together, these studies suggest that
liquidation incentives play an important role in improving the solvency of OLPs. Additionally they suggest

that dynamically adjusting such parameters may improve the efficiency of lending systems, just as algo-



rithmic control of interest rates has been shown improved market stability. Despite these recent results,
to our knowledge, no algorithmic controller of liquidator-focused parameters exists in the literature that

incorporates inter-protocol competition.

2 Proposed Game-Theoretic Model

The system of incentives that make up overcollateralized lending markets can be formulated as a game,
where protocols adjust their operational parameters to (a) attract borrowers who seek low effective interest
rates, (b) attract lenders who seek high effective interest rates, and (c) attract liquidators to quickly clear
“bad” debt from the protocol. In response to the rates set by each protocol, the borrowers, lenders, and
liquidators flow from one protocol to another. Such a game can be modeled as an equilibrium problem
with equilibrium constraints, where the upper level game is a sequential game played between protocols and
the lower level game is a population game between three populations; the borrowers, lenders, and liquida-
tors. In order to formulate such a game we define the environment, the protocol actions, the lower level
game between market participants, and the full formulation of the equilibrium problem with equilibrium

constraints.

2.1 Environment

Let there be IV different lending protocols which are facilitating the lending interactions and that there are
K different assets that the /V lending pools can choose to accept as collateral. Each collateral asset {pi}le

is assumed to be a geometric Brownian motion with drift such that

dpie(t) = pr(t) (ppdt + opdWF), )

for some asset specific drift 1 and volatility 0. For the sake of simplicity we assume the following.

Assumption 2.1 (Collateral and Borrowed Assets & Access). We assume that there is only one asset being
borrowed and that asset is pegged to a stable currency like the U.S Dollar. We denote the price of the
stable asset as py(t) = 1 for all t. We also assume that py(t) are expressed in a common numeraire for all
k=0,...,K. The lenders, borrowers, liquidators, and protocols are assumed to have access to an oracle

model which provides agents with the current prices of all assets at any time t.

Assumption 2.1 is reasonable since in practice the dominant use case of overcollateralized lending is
borrowing a dollar-denominated stable coin against volatile crypto collateral (Chiu and Danisman, 2026).
We also impose that each protocol ¢ imposes a limit on how much can be loaned. We refer to such a limit as
the Total-Loan-Value or TLV, for¢ =1 ... N.

2.1.1 Interest Rates

We assume that for a protocol %, borrowers pay an interest rate r;. Its important to note that the lenders only

receive interest payments on the assets that have been borrowed. In other words if the total value loaned and



borrowed on chain i is L; and B; respectively then the total utilization ration is B;/L; = U,. The interest
payment are then calculated as (r; — p;)¥¢; - U;, where ¢; is the total amount loaned by specific lender on
protocol i and p; is a protocol fee. Typically a protocol takes p;% of the interest rate payments and either
treats it as income or places it into a reserve to cover bad-debt events. In many overcolateralized lending
protocols r; is a function of the total utilization rate U;. For example the interest rate formula used by the
Aave (2020) protocol is

opt

g+ opﬂ’l u; < g

U UOpt 2 opt ’
r + - Uoptr Ui > Uy,

7i(U;) =

2

where r-l < r7. Such a structure attracts lender to the protocol when the utilization rate is above some

opt opt

protocol specific optimal utilization rate U;"". On the other hand, when the utilization rate is bellow U,
borrowers are attracted to the protocol due to low interest rates. For the purpose of this work we use the

smoothened form with small § > 0,

1 T,L-Q 'I"1 1 opt opt 5
Ti(U)_T?+Uoth+<1_Uppt_U0pt) <U Up+\/U U )2 + 02 - 3 (2)
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2.1.2 Gas Fees & Tips

In their simplest form block-chains are distributed ledger systems that record market participants’ trans-
actions. In practice, every time a transaction such as a borrowing, lending, or liquidating action is taken,
the corresponding transaction is stored in a publicly observable list of pending transactions referred to as a
mempool. In order for a transaction to enter the mempool the initiator of that transaction is required to pay a
“gas fee”, which roughly corresponds to the resource consumption of the transaction. For the purpose of the
proposed model we fix the gas fee and other interest rate parameters, as they are not the primary parameters

of interest.

Assumption 2.2 (Fixed Quantities). We assume that that the gas fee is some constant g, the interest rate

parameters { (9, r} r2)} N

2T, Ti) Yizy are fixed, and the rate r y (which denotes the average yield of a risk free treasury

bond) is kept constant across all protocols.

These transaction are not immediately recorded. Instead specialized actors referred to as block-builder
assemble candidate blocks by selecting and ordering transactions to maximize total extractable value (MEV).
Block builders then compete to supply their blocks to a block validator, who selects the most profitable block
for inclusion in the block chain, reaps the profit, and provides the block-builder with a financial kick-back.
Typically a maximum of 1 block gets built during a “block-time”. For example in the Ethereum block-chain,
one block gets built every 12 seconds (ethereum.org, 2026). As a result market participants who wish to
complete a transaction quickly can send a “tip” along with their transaction. If the tip is sufficiently large,
then the block-builder will have an incentive to include the transaction in their block in order to increase
the likelihood that they are selected by the block validators. This system creates a sub economy within
the block-chain where (a) searchers aim to build bundles with large tip in order to get a larger kick-back
from the block builder (b) block builders select the searcher who’s bundle offers the highest tip (c¢) market



participants who wish to execute a transaction quickly will pay a gas fee and offer a high tip to earn inclusion

in the winning block that gets built.

2.2 Protocol Actions

In the upper level game each of the NV protocols adjust their operational parameters in order to attract market

participants. Each protocol can choose to adjust a vector of parameters
Qi = (Azk 0. %‘k) ,  a; = (am . aik> e A;, 3)

where \;; is the collateral factor for each asset type k. For example if \;;, corresponding to the collateral
factor on the i*" protocol for collateral asset type k, equals 0.75 then a borrower can take a loan with value
up to 75% of their posted collateral. This ensures that a loan is overcollateralized, which means that there is
low risk of the lender losing the value they’ve loaned. Additionally each protocol must define a liquidation
threshold 6;;, which defines when a liquidator is allowed to liquidate the collateral of type k on protocol
1. For example if 6;; = 0.90 then the collateral can be liquidated when a borrower’s debt exceeds or
reaches 90% of the collateral’s value in order to pay back part of the borrower’s debt. The liquidator is
rewarded for liquidating the collateral and paying back the borrowers debt with a liquidation bounty ~;,
which corresponds to the percentage of the borrower’s liquidated collateral that a liquidator gets paid. When
v;k 1s sufficiently large, this system incentivizes prompt removal of “bad” debt from the lending pool. In this
setting the feasible action set A; = ([A, 1] x [0, 1] x [0,1])3% and a = (a4, ...,an) € A = [0, 1]>5. Note
that both \;; and 6, are bounded away from 0 with lower bounds A > 0 and § > 0. The lower bounds on
rule out degenerate protocol parameters. For instance, a collateral factor \;; = 0 prevents borrowers from
borrowing against any amount of collateral, while a liquidation threshold 6;;, = 0 would make any positive
debt-to-collateral ratio immediately liquidatable. The bounds restrict attention to economically meaningful

lending markets.

2.2.1 Protocol Driven Liquidation Mechanics

We emphasize that the protocol’s actions impact liquidations. Specifically, liquidations in OLPs occur when
the debt to collateral value ratio exceeds 6, for a particular asset type & on protocol i. Liquidation typically
unfold over two steps. First the liquidator pays back the loan then the collateral is liquidated to pay back
the liquidator plus some liquidation bounty. In this way liquidation can be viewed as a exchange of the
loan asset for the collateral asset. Note the the full collateral is not liquidated. In order to ensure that any
borrower who has breached the liquidation threshold is reverted to a state where their debt to collateral ratio
is bellow 0; j,, the minimum liquidation is given by lemma 2.3 and was first presented by Bastankhah et al.
(2024a).

Lemma 2.3 (Minimum Liquidation). Assuming that liquidation are completed instantaneously with no price
slippage. For a fixed borrower with debt d;j;(t) on protocol i whose posted c(t) units of collateral k with
price py(t). Assume that d;x(t)/c(t)pr(t) > 0. Then the minimum value { that can be liquidated subject



to the liquidation bounty ;i is

dir(t) — i kc()pr () }

Umin(t) = max {0’ (1 =0 (1 4+ i)

Additionally many protocols, require a minimum liquidation of size ¢ but allow maximum collateral of
c(t)x(h(t)). Where x(h(t)) € [0,1] is the close factor function, which determines the percentage of the
maximum collateral that can be liquidated once the liquidation threshold has been reached. The input of the
close factor function is typically the health factor h(¢) defined as the Oc(t)p(t)/d(t) where d(t) is the value
of debt of the borrower and ¢(t) is units of collateral posted. In many lending protocols such as Aave (2020)

the close factor function is defined as

0 h(t)>1
x(h(t)) =105 h(t) € (0.95,1] , (4)
1 h(t) <095

which we will use for the remainder of this work. As a result, the liquidator can liquidate anywhere from
Linin (£) (1 + 7y) to c(t)x(h(t))(1 + ~) when the liquidation threshold is met or breached. Observe that the
liquidator also takes an additional % of the collateral as their bounty.

How an individual liquidator liquidates a bad loan is almost entirely defined by the lending protocol.
However liquidators often compete for the right to liquidate the loan and reap the liquidation bounty. Recall
from section 2.1.2 that liquidations can be treated as a type of transaction similar to buying or selling an
asset on the block chain. As such liquidators must pay the gas fee g to submit their liquidation request. Note
that typically liquidators send their requests directly to block builders, via a “flashbot” to avoid their request
being publicly observed in the chain’s mempool (Li et al., 2023). In order to incentivize the block-creators
and validators to select their liquidation request over other competing liquidators, a liquidator will often
submit a tip along with their transaction. At the end of the block-chain’s block-time a liquidator with the
highest tip is typically chosen for inclusion in the new block. We propose that liquidator competition can be
represented as a timed sealed bid first price auction since liquidators submit their tip as a closed bid to block
creators, who then select the highest value transaction to include in a new block at the end of the block-time.
To model the sealed bid first price auction we make a few assumptions then show proposition (2.6), which

follows algebraically from standard results in auction theory (Krishna, 2010).

Assumption 2.4 (Population Counts). We denote the the number of individual lenders,borrowers, and lig-
uidators in the system as N*,NB, and N9 respectively. The number of participants of any population
p € {B, L,Q} monitoring s € S, is denoted as NPE.

Assumption 2.5 (Liquidator Auction). All liquidators will always request to liquidate the maximum amount
available, then the bounty received by the winning liquidator is given as Wi, = pr(t)c(t)x (hir(t))vik — 9,
where c(t) is the units of collateral posted, d;.(t) is the units of asset borrowed (with nominal value of 1 per
unit), and hiy,(t) = O;c(1)pr(t)/dik(1).



Proposition 2.6 (Winning Liquidation). Assuming assumption 2.5 and that each bidder values the oppor-

tunity to liquidate as Uniform([0, Wi]), then the winning liquidator will win a net reward of

Ry (N9Q) = NC}H<pk<t>c<t>x<hm<t>m 9.
ik

2.3 Lower Level Game

In the upper level game each of the NV protocols adjust their operational parameters in order to attract market
participants. Each protocol can choose to adjust a vector of parameters a; € A. Once each protocol
chooses an action a;, we assume that the market participants engage in a population-type game in which
they flow from one protocol to another. Specifically, the lower level market participants will choose from a
set of discrete actions until they’ve reached an equilibrium. The borrowers, lenders, and liquidators choose

actions from the following discrete sets respectively;

Sp=A{(,k):i=1,...,.N and k=1,...K}
S,={ii=1,...,N}
So={(,k):i=1,...,N, and k=1,...K}.

In other words, the borrowers will choose which protocol 7 they’d like to borrow from and which col-
lateral they’d like to deposit on that protocol. The lenders choose which protocol they’d like to deposit their
stable asset into. Recall, that we assume that only one asset can be borrowed and so the lenders’ choice
reduces to choosing a protocol. Finally the liquidators face the same choice as the borrowers. Namely they
choose which protocol they’d like to monitor for “bad” debt and which type of collateral they are willing to
liquidate. Given fixed protocol parameters, {a;}% ,, the lower level market participants eventually reach an

equilibrium distribution. We denote the population of borrowers as -7, the population of lenders as :*

, and
population of liquidators as z%. We denote the full distribution of populations as = (2%, 2%, z%). The

equilibrium distribution of each lower level market participant must satisfy

B 29 e {x: Z g =1,2>0}, 2 e{z: Z x; =1,z > 0}.
(i:k)ESB 1€SL

We assume that each population of market participants aims to minimize some cost function which we

describe in the following sections. We begin however with some assumptions.

Assumption 2.7 (Average Quantities). The average nominal amount loaned per lender on protocol i is nZL.
The average nominal amount posted as collateral of type k on protocol i is denoted by 775« The average
amount borrowed per borrower on protocol i using collateral type k is given by 775; = ﬁi(f;@ku where
Oir. < Nig- In other words, ¢, < \ii represents the initial debt-to-collateral ratio chosen by borrowers

using collateral k on protocol i, which must not exceed the protocol’s collateral factor \;j.

In practice, the costs faced by borrowers, lenders, and liquidators evolve over time since the value of

collateral assets fluctuates continuously according to the stochastic price processes {py (t)}le. As aresult,



the profitability or risk associated with participating in a particular protocol changes dynamically. To capture

this effect we model the costs as being accumulated over a random time horizon.

Assumption 2.8 (Time Accumulation). The costs cﬁg, cf% and ciL , as being accumulated over a random time
horizon of time 7; = min{r;, 7%} We let w; > 0 and 7; ~ Exp(w;) which may vary by protocol and ¥

denote the first time that the loan is liquidated

This reflects the idea that market participants periodically re-balance their positions. However, recall
that a loan position may terminate prematurely if it becomes under-collateralized and is liquidated. In this

case the borrower or lender may choose to move their capital elsewhere to avoid further liquidations.

2.3.1 Borrowers

The borrowers aim to minimize cgg(a, x) which is a function of the population distribution  and action
profile a. It depends on (a) the accessibility of capital, (b) the cost of borrowing using collateral & on protocol
1, (c) the expected loss due to liquidation of their collateral. We begin with the borrower’s accessibility to
capital Aﬁc (x) which depends on the amount of lender deposits and the protocol specific total loan value cap
T LV;. We model this term as

0 Ule)<l, YF B <TLV

oo otherwise,

where Uj is the utilization rate on a protocol ¢ defined as

B K C B
_N ik Pik Tjj,

Uia) = 230 Tudn i
' NE k=1 nzL (xf + ei)

where ¢; is small and greater than O for all 7+ = 1,..., N. The term ¢; serves the purpose of preventing
discontinuities in U;(x) and can be interpreted as a protocol always having some small amount of seed
liquidity, which is typical on many protocols. In this case capital becoming inaccessible, i.e. more borrowing
then lending, is modeled as borrower cost going to co. The interest rate cost accumulated over the time
horizon specified in assumption (2.8) is modeled as (r; — 7¢)U;(x)nk 7;, where r is the risk free rate. We
subtract the risk free rate since borrowers can always leverage their borrowed capital to reap at least and 7 ¢
return. Finally, the cost to the borrower depends on amount they loose in the case of a liquidation event.
This quantity depends on whether there are liquidators monitoring the protocol, the liquidation bounty, and
the amount of collateral liquidated within the time period 7;, which we refer to as H(7;). As such we model
the loss to liquidation as ¢ (m%)E[H (7:)|pk(to)], where H(7;) is given by proposition (2.9), t; denotes
the time at which the loan was initiated, and sz(.Z‘ZQk) =1— exp(—wv; xl%) The choice of Lgf’i as a Poisson
arrival with rate v; denotes the probability that at least one liquidator from the population N Qa;gc detects
the liquidation opportunity when detections on a protocol 7 occur at rate v;. We leave v; as a data-driven
parameter to be tuned by measuring the expected time between a loan becoming undercollateralized and the

corresponding request to liquidate.



Proposition 2.9. Assume that a borrower on protocol i takes on debt of value d;i(to) and posts collateral
type k of c(to) units such that d;x(to)/c(to)px(to) < Ok Assume that the liquidator always liquidates the
maximum amount given by equation (4). Then for m;;, = i — %O‘i —1;(U;i(x)), the expected liquidation

bounty paid in time T; is
Mk —A/ m?k+2a%wi

c(to)vik [ Girc(to)pr(to) o}
dik(to) dix(to)

E[H (7:)|pk(to)] =

Moreover

E[7i | pr(to)] = wi b(to)

)

Putting these components together we get that a borrower on chain ¢ with collateral type k£ aims to

minimize the expected cost
chi(a,z) = (ri — rp)Us(2)nk Elilpx(to)] + v (x5 E[H (7) px(to)]- )

2.3.2 Lenders

The lender’s aim is to minimize a cost c¢/(a,z) which depends on the expected loss due to default and
the expected interest payments they receive on protocol ¢. The interest rate payments to the lender are
(r; — pi)Ui(z)nF 7;. Recall from section 2.1.1 that the protocol takes a p; percent protocol fee of all interest
rates paid. Note that a lender will be disincentivized from lending their assets on a protocol with few
borrowers or a high density of lenders since the utilization rate decreases which in turn limits their interest
rate payments. Additionally a lender may choose to steer clear of a protocol without many liquidators since
their loans may be at risk of defaults. We model the probability of default as exp(—xf,i), since without
liquidators there would be no mechanism to recuperate a loan after it reaches the liquidation threshold. Note
however that if a loan defaults then the loss is shared by all lender in the protocol. As such the expected
amount lost to default on a chain 7 is given by Zfi A exp(—xi%). Putting these terms together we get

that a lender on protocol 7 aims to minimize the expected cost function
1 & Q
cf (a,x) = (pi — ri)Us(x)nf E[7:|pk(t0)] + ~NL Zxﬁﬂﬁe_xi’“- (6)
i=1

2.3.3 Liquidators

The liquidator’s aim to minimize their cost cg(a, x) which depends exclusively on the expected profitability
of liquidating collateral of type k on protocol 7. The liquidators profitability depends, in part, on how many
many borrowers are using collateral type k£ on protocol ¢, since the more loans are issued the more opportu-
nities there are for liquidations to occur during the time horizon assumed in assumption (2.8). Additionally

if the liquidation threshold 6, is very conservative, then liquidations occur less frequently which reduces

10



expected liquidation profits. On the other hand, if many liquidators are monitoring the same (i, k) pair,
then the probability that any single liquidator successfully executes the liquidation decreases due to compe-
tition. In practice, liquidations are competitive auctions which depend on the concentration of liquidators
and the liquidation bounty. In particular, higher liquidation bounties +;; increase the reward received for
liquidating bad debt, making those protocol—collateral pairs more attractive to liquidators. We model these

inter-population dynamics with the cost function
cla.x) = =Nl ——5—E[H () |px(to)], ©)

where the negative cost corresponds to the payoff of the sealed bid auction described in proposition (2.6)

and the expected liquidation bounty are defined in proposition (2.9).

2.3.4 Lower Level Game Formulation

The lower-level equilibrium can be interpreted as a generalized Nash equilibrium among three populations:
borrowers, lenders, and liquidators. Each infinitesimal member of population p € {B, L, Q} chooses a
position s € S, so as to minimize its individual cost ¢} (a, =), while the aggregate population distribution
must satisfy the simplex constraints and the shared feasibility constraints induced by the T'LV and utiliza-
tion limits.The set of Wardrop equilibria of the population game can be characterized by the variationally

inequality

SOL(a) ={z € X: Fla,z) (y—x) >0 Vye X}
X={z: Az =13, g(x) <0}

®)

where g(z) = (grrv(z), gu(2), —z). With grpv(z) = Ypy xfini — TLV; fori = 1,...,N,
gui(z) = NB Zszl nG ol — NInk(zF +¢)fori=1,...,N, Az = (Zsesp T8)pe{B,1,0}> and

Fla,2) = ((eF(a,a))sesy, (cF(a,2))ues, (¢ (a,2))uesy )

2.4 Upper Level Game

In the upper-level game, market participants choose a set of parameters a; that minimize some cost. Based
on the selected parameters of each protocol the lower-level market participants engage in a population-
type game as described in problem (8). Eventually the lower-level market participants reach equilibrium
distributions. They then judge their parameter choices based on two primary criteria. First, the revenue
generated through fees. Typically these fees are deducted from interest payments made to lenders. Second
the protocols seek to minimize the risk of failure by limiting the amount of bad debt on the protocol’s balance
sheet. Note that both aims are dependent on the equilibrium distribution x of the lower-level game. Since
if few market participants have joined a protocol then the fees they earn is small and if too few liquidators

join the protocol then the risk of liquidation failure is high. We assume that each protocol has the same two

11



aims and its its goal minimize

K K
_..Q
fi(x) = afinffe ™% — NP> " aiin, )
k=1 k=1

The first term encodes the protocol’s expected loan value lost through default and the second term can
be interpreted as encoding the protocol’s profit. The Nash equilibrium of the upper level game is the actions

*

a* = (aj,...,a}y) € Asuch that

a;j € argmin f;(z) st z € SOL(a;,a*;) Vi=1,...,N. (10)

aZ'EAi, T
Problem (10) defines an equilibrium problem with equilibrium constraints (EPEC) (Facchinei and Pang,
2003), where the upper-level strategic interaction among protocols is coupled through the lower-level popu-

lation equilibrium.

3 Solution Method

In practice, protocol parameter updates do not occur as a one-shot simultaneous game. Instead, protocols
repeatedly adjust their parameters over time using full information about the current parameters of compet-
ing protocols. As a result, the upper-level interaction is more naturally modeled as a sequential decision
process in which each protocol solves a best-response problem given the actions of others. To that end,
in this section, we study problem (10) using a sequential scheme, where protocols iteratively solve their
own optimization problems in response to the current state of the system. The key theoretical question is
whether these dynamics converge to a reasonable solution. To answer this question, we proceed by defining
the appropriate equilibrium concept for our model; variationally stationary Nash points. We then propose a
domain-motivated regularization scheme and reformulate the bi-level game as regularized linkage problem
as described in (Royset and Wets, 2021, Chapter 10) which allows for the application of the progressive
decoupling algorithm. We conclude with a discussion regarding convergence of progressive decoupling and

how a homotopy method can help recover the variationally stationary Nash point.

3.1 Variationally Stationary Nash Points

To define a relevant solution concept for problem (10) we first emphasize that protocols can only directly
control their actions a; = (A\ig, Ok, %'k)szl- On the other hand the equilibrium of the market x € SOL(a)
emerges as a Wardrop equilibrium of the lower level population game which is indirectly influenced by all
protocols. Therefor the economically relevant first-order condition for an arbitrary protocol ¢ is not to di-
rectly optimize over (a;, x) and seek a points (a, 2*) such that (0, 0) € 8(ai7m)ﬁ(a*, x*)and z* € SOL(a*).
Instead we propose that the the more appropriate condition is that a protocol ¢ has no first-order profitable
deviation through the parameter levers it controls; i.e to find a point a] such that (0, w;) € 0(q, 1) fila*, x*)
and z* € SOL(a*). This distinction is important, since a protocol may prefer a different market equilibrium

state without a means to achieve it. For example, it may prefer more liquidators on its platform, fewer risky
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borrowers, or a different allocation of lending capital but has not means of inducing such an equilibrium
through small deviations in its actions. Such a equilibrium level preference is represented by a non-zero
marginal term w;. At the same time, the shared market equilibrium state must be stable in aggregate. Oth-
erwise, the protocol parameters a* may be stationary only relative to a market state that is itself subject to
first-order imbalance. We therefore require the shared-state sub-gradients to balance: Zf\;l w; = 0.
Economically, this means that although individual protocols may exert different marginal pressures on
the lower-level equilibrium state, these pressures cancel in aggregate. For instance if the protocols col-
lectively attempted to perturb the shared market state, there would be no first-order direction in which the
equilibrium z* wishes to move. This mirrors the role of variational or normalized equilibria in games with
shared constraints, where shared feasibility is represented through a common variational condition rather
than through independent player-specific optimality conditions (Facchinei and Kanzow, 2007; Nabetani
etal., 2011). Note that since the full EPEC is generally nonconvex, all first-order conditions are understood

in the Clarke sub-differential sense.

Definition 3.1 (Variationally Stationary Nash Point). Let

Fila.x) = fi(x), ae€ A, € SOL(a),

400, otherwise.

We refer to a pair (a*,z*) € A x X as a variationally stationary Nash point with respect to fi(a, x) if
fila, z) < oo for all i, for each protocol there exists wi € REVEAN guch that (0,w?) € a(w)fi(a*, x*),
and Zf\il w; = 0.

Our solution concept is closest to the stationary Nash points introduced by Hu and Ralph (2007). In their
formulation, a Nash stationary point (a*, x*) requires each player’s mathematical program with equilibrium
constraints (MPEC) to be stationary with respect to both the player’s own decision variable and the shared
market equilibrium variable x. Our solution concept is therefore weaker than the Nash stationary point in

the Hu-Ralph sense. Indeed a Nash stationary point is necessarily a variationally stationary Nash point.

Proposition 3.2 (Stationary Nash implies Variationally Stationary Nash). Suppose (a*,2*) € A x X isa
Nash stationary point of the EPEC in the Hu—Ralph sense. In particular, suppose that for each protocol
i=1,...,N, (0,0) € 8(W)ﬁ(a*, x*). Then (a*, x*) is a variationally stationary Nash point.

3.2 Regularized EPEC

The full EPEC defined in equation (10) is nonlinear and generally nonconvex. Moreover the lower-level
Wardrop equilibrium may be set-valued, i.e for SOL(a) is not necessarily unique for a fixed action profile
a. This creates computational difficulty, since small changes in protocol parameters may cause discontin-
uous changes in the selected market equilibrium. To obtain a stable computational target we introduced a
regularized version of the lower-level equilibrium problem (8). Specifically let z denote a reference market
state, such as the current observed borrower/lender/liquidator distribution. We note that such a reference

is available in a decentralized finance setting where the state of a block-chain is transparent and queriable
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by design. Then for some ;1 > 0 we define F),(a,x) = F(a,x) + u(x — ). The regularized lower-level
equilibrium and corresponding graph is then

SOL,(a) = {zx € X : F,(a,2) " (y —2) >0 Vyec X}, (11)
I'y={(a,z) e Ax X :2€SOL,(a)} (12)

The regularization serves the dual purpose of representing market inertia and adding curvature to the prob-
lem. Namely that borrowers,lenders, and liquidators do not instantaneously and costlessly reallocate re-
sources across protocols in response to small small changes in liquidation parameters (A;x, 0;x, Vi), since
moving from one protocol-collateral pair (¢, k) may involve gas costs, smart contract approval, search costs,
and other market frictions. We observe that the lower level problem (11) admits a solution, although we note

that the solution is not necessarily unique.

Proposition 3.3 (Existence and compactness of the regularized lower-level problem). Assume z € X. Then
for every > 0 and every a € A, the regularized lower-level equilibrium set SOL,(a) is nonempty.

Moreover, the graph I',, is compact.

The same principle is applied at the protocol level. Specifically we let a denote a the current or baseline

parameter vector and augment the protocol cost functions as

filz) + Zllai — @il* (a,2) €T,

71 (a, ) = (13)

00 otherwise,

with 3 € (0,00)". In this case the regularization term encodes the fact that large and sudden changes
in protocol parameters may induce governance costs or user confusion. For example consider the setting
where a user currently has a debt to collateral ratio well bellow the threshold ;5. A large decrease in ;3 may
instantaneously render many loans liquidatable, which may be unattractive to borrowers and pose a “flight
risk” of capital. The regularization terms encode economically meaningful frictions, while also producing

the regularized problem of finding a variationally stationary Nash point with respect to ff P (a, ).

3.3 Regularized EPEC as a Linkage Problem

The regularized EPEC remains difficult to solve directly because each protocol’s stationary conditions are
coupled through the shared lower-level market equilibrium. Linkage problems as described by Royset and
Wets (2021) provide a useful framework for representing this type of coupled equilibrium system. The main
idea behind formulating the EPEC as a linkage problem is that each protocol stores its own local copy of the

full action profile and the lower level market state, then a linkage constraint requiring all copies to agree is

imposed. In our setting, protocol i’s copy is denoted as z; = (a’,z"), where a’ = (al, ..., a’) is protocol

i’s copy of the full protocol parameter profile and 2 is its copy of the lower-level population equilibrium.

Agreement among the protocols’ copies is imposed by enforcing that z = (21,...,2yx) € L, where
L=A{(z1,...,2N) 21 ="--= 2N} (14)
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The task of finding a variationally stationary Nash point of the regularized problem can then be formulated
as
zel, yelt, yeSH (), (15)

where the orthogonal compliment of £ is defined as £+ = {(y1,...,yn) : y1 +--- +yn = 0} by lemma
A.land S#P(2) = S1P (21) x - x S%P (2y) with

S () = {0, iy 0,w0) 5 (v, w1) € D f1 (00 |

Proposition 3.4 (Linkage solutions and variationally stationary Nash points). A pair (z*,y*) solves the
linkage problem (15) if and only if the common pair (a*, x*) induced by z* € L is a variationally stationary

Nash point with respect to fl“ B (a,z).

Proposition 3.4 shows that solving the linkage problem is equivalent to identifying a variationally sta-

tionary Nash point of the regularized problem. It motivates the use of the progressive decoupling algorithm.

3.4 Graphical Approximation and Progressive Decoupling

We now describe the numerical scheme used to approximate a variationally stationary Nash point of EPEC.
The method has two layers. The outer layer is a graphical approximation algorithm wherein the regularized
linkage problem is solved iteratively for a sequence of {(u”, 3”)} that converges to (0,0). We view this se-
quence as defining a homotopy from a more regularized problem to the original EPEC. Indeed this approach
mirrors classical homotopy methods, where one solves an easier problem first and then gradually deforms it
into the target problem while warm-starting each new solve from the previous solution. The same principle
is used here. For larger values of 1 and 3, the regularized linkage problem which uses S*# is expected to
have better local stability and better conditioning.

However, to apply the homotopy method, we must have a means of recovering solutions to the linkage
problem for any (u”, 3). To do this we apply a progressive decoupling algorithm. Progressive decoupling
is an algorithm first proposed by Rockafellar (2018) which operates by temporarily relaxing the linkage
constraint encoded by £, and solving the decoupled local problems, and then projecting the resulting local
copies back onto the agreement subspace £. The steps of the process can be derived for parameters 6 > 0
and x > 6 and has three steps. We let v be the iteration counter of the homotopy loop and r be the iteration
counter of the progressive decoupling iterations.

In Step 1 we solve for an intermediate point 2" satisfying the condition 4" € S*#(37) + k(3" — 2"). In
other words we temporarily ignore the linkage constraint z” € £ so that each protocol can compute its own
action and optimal lower level equilibrium point. Recall that S##(z) = S’ P (z1) X -+ X S]’ff”B (zn), so the

earlier Step 1 condition is equivalent to solving IV independant generalized equations of the form
gl e SMPGEN 4 k(25 —2),  i=1,...,N. (16)

From a computational point of view its useful to observe that the subproblems described in equation (16)
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are the first order optimality conditions of the problems

5 . K
z] € argmin {wf’ﬁ(zi) — (Yl z) + 5\\2’1 - z{||2} 17
z;

When the local problem is convex, (17) is a genuine minimization problem. When the local problem
is nonconvex, the same formula is interpreted as a proximal stationarity subproblem, and we compute a
stationary point satisfying (16). The two extra terms in (17) serve important roles. Specifically the affine
term —(y!, z;) encodes the current dual pressure associated with disagreement among the local copies.
I

Whereas the quadratic term §|[z; — 2

keeps the new local proposal close to the previous consensus
iterate. In this way, Step 1 can be interpreted as asking each protocol to compute a regularized local best
response to the current dual prices. After Step 1, the intermediate vector 2" = (27,..., Z}y) will generally
not satisfy the agreement constraint (i.e Z” is not necessarily a member of £). So naturally step 2 projects
Z" onto the linkage subspace by computing 2" = proj,(2"). Since £ = {(z1,...,2n) : 21 = --+ = zN}

the projection is the average of the local copies,
N
Z;ﬂ—i_l:NZA;? i=1,...,N. (18)
j=1

Finally, Step 3 updates the dual variable as "' = 3" — (k — ) proj,. (2"). Using the identity that
27 = proj(27) + proj .. (2") and that fact that 2"*1 = proj,(2") we can rewrite the dual update without
a projection operation as

Yyttt =yl — (k= 0)(2F — 2T, i=1,...,N. (19)

K3 3

The dual update can be interpreted as measuring each protocol’s deviation from the consensus copy. We

note that y 1

7

N N N N N 1 N
Zy:“=Zyz—<n—9>2<éz—z:“>=ny—<%—9>(fo—N N2 >:
i=1 i=1 ' i=1

is indeed a member of £ since

The full algorithm with the homotopy outer loop and progressive decoupling inner loop can be writen

compactly as follows.

16



Algorithm 1 Homotopy Progressive Decoupling
1: Choose sequences p” | 0, ¥ | 0,and ¥ | 0.
2: Initialize with an initial pair 20 € £, ¢° € £*.
3: forv=1,2,... do
4 Set S¥ = SHB" and f¥ = ffy’ﬁu.

5:  Choose ¥ > 0 and k¥ > 6".

6: Initialize the inner loop with z¥9 = z¥=1 y»0 = ¢¥—1

7. while dist (y””"“, S"(z””‘“)) <e¥do

8: Compute ;" € argmin, {f/(z) — (y;"" zi) + 5 llze — 2" I’} i=1,...,N.
b +1 1 N SYy Y

9: Set 2" = 53127, i=1,...,N.
v,r+1 v,r v v\ [ sVT vr+l ;

10: Set y, =y, — (K —0)(22- —z ), 1=1,...,N.

11:  end while

12: SetzV =0l v =yt
13: end for

14:

15: return a cluster point of {(z”,y")}.

Indeed the cluster points of the sequence generated by algorithm (1) will be variationally stationary Nash
points of the original EPEC. The practical interpretation of Algorithm (1) is that it gives protocols a means of
updating their parameters in response to the current market state and the actions of competing protocols. In
this way, the algorithm provides a decentralized adjustment rule by which protocols can update liquidation
thresholds, collateral factors, and liquidation bounties until no protocol has a first-order profitable parameter

deviation, while the induced lower-level market equilibrium remains stationary in aggregate.

Theorem 3.5 (Convergence). Let {(z”,y")} be generated by algorithm (1) with (u”, 8*) — (0,0). All clus-

ter points of {(z¥, y*) } will be the variationally stationary Nash points with respect to f; if LimOut gph S#*-#" ¢
gph SO0 and for all v there exists a 6 > 0 such that S*" 5" + 0 proj . is maximally monotone and the reg-
ularized linkage problem (15) has a solution for all y, 3 > 0.

4 Numerical Experiments

We evaluate the proposed update rule on a synthetic lending market with N = 100 protocols and K = 50
collateral assets. This produces N K = 5000 protocol-collateral pairs. The purpose of our experiment is to
answer the question; if protocols use the proposed algorithm can they reduce liquidation bounties below the
commonly used 5% benchmark while preserving a financially safe lower level market equilibrium with few
defaults and stable revenue through the taxation of liquidation events.

We initialize the collateral factors around at 0.75, liquidation thresholds at 0.85, and set all initial liqui-
dation bounties equal to the static benchmark value 0.05. Small standard normal perturbations are added to
the initial collateral factors and liquidation thresholds to avoid a completely symmetric market. We choose

A = 0.5and § = 0.70 which characterizes the action space described in section. The collateral assets follow
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the geometric Brownian motion model described in section 2.1. We normalize all initial collateral prices
to pr(to) = 1 and set the drifts juy, are linearly spaced between —1 and 1. Similarly asset volatilities are
linearly spaced between 0.35 and 0.95, so that the synthetic market contains collateral assets ranging from
relatively low-risk to high-risk.

The market contains NB = 80,000 borrowers, N» = 2,000 lenders, and N¢ = 300 liquidators.
The average lender deposit is set to 77¢L = 100, while the average posted collateral is normalized to 771‘(7; =
1. The initial borrower leverage satisfies ¢;; = 0.90\;%, so that borrower leverage remains feasible as
collateral factors are updated. Each protocol has a total-loan-value cap of 16,000 and seed liquidity ¢; =
0.025, which prevents the utilization rate from becoming discontinuous when lender mass is small. Borrow
interest rates are computed using the smoothed Aave-style kinked rate function with base rate r? = 0.01,
low-utilization slope ril = 0.0354, high-utilization slope r? = 0.45, target utilization U} P' — 0.80, and
smoothing parameter § = 1073, The risk-free rate is fixed at the standard ¢ = 0.02, and the protocol fee
is set to p; = 0.005. Again we introduce mild protocol-level heterogeneity by perturbing these quantities
using small standard normal random multiplicative factors for each protocol.

We use algorithm 1 where the progressive decoupling step and graphical approximation outer loop is run
for at most 1000 iterations. We run the algorithm for 20 iterations which represents each protocol making
20 action updates. We evaluate the resulting equilibrium using three main classes of metrics. First, we track
the liquidation bounty distribution over time. Second, we evaluate financial safety. Specifically we report

the count-scaled default exposure

N K
Dscated = Y > wiinff exp(—N9z), (20)
=1 k=1

which penalizes protocol-asset pairs with borrower exposure but low liquidator coverage. We report the

results in figure 1.

isk xBnB o
Yix convergence over iterations Count-scaled default risk x§nfexp(—N°xg)

Liquidation bounty yix
-
S~

Nt
ZN

(a) Liquidation bounty over the 20-move simulation. Each
curve tracks the liquidation bounty ;. for each protocol-
collateral pair.

0.0025

0.0020

0.0015

Scaled default risk

0.0010

0.0005

(b) Default risk across protocol-collateral pairs at the 20*" ac-
tion. Each cell represent a protocol-collateral pair, with the Y
axis as the protocol and X axis as the collateral

Figure 1: Evolution of liquidation incentives and default risk under the proposed EPEC-based controller.

The results show that the protocols are able to gradually reduce liquidation bounties over the 20-move

simulation. This indicates that the initial bounty levels are not necessarily cost-efficient. Instead by account-



ing for the equilibrium response of borrowers, lenders, and liquidators, the protocols can lower the direct
incentive (liquidation bounty ) paid to liquidators without creating unsafe market conditions with a high
volume of defaults. Indeed, the default-risk heatmap remains low across protocol-collateral pairs. This in-
dicates that the decrease in liquidation bounties is not achieved by shifting risk onto the system. Instead the
equilibrium-based updates appear to identify parameter regimes in which liquidator participation remains
sufficient despite lowered liquidation bounties. This answers the primary research question in the affirma-
tive. Namely that protocols can use algorithmic controllers to dynamically adjust liquidation bounties in

order to reduce effective borrower fees while still retaining sufficient market participation of liquidators.

5 Discussion & Limitations

This paper proposes a game-theoretic framework for modeling competition among over-collateralized lend-
ing protocols and for dynamically updating liquidation parameters using a homotopy progressive decou-
pling algorithm. The main modeling contribution is to treat liquidation as an endogenous market interaction
among borrowers, lenders, and liquidators, rather than as a fixed exogenous mechanism. In this frame-
work, protocols choose liquidation thresholds, collateral factors, and liquidation bounties, while market
participants respond through a lower-level Wardrop equilibrium. The resulting equilibrium problem with
equilibrium constraints captures the feedback loop between protocol design, market participation, and lig-
uidations. The second contribution is the solution concept of variationally stationary Nash points, which
is intentionally weaker than a classical Nash stationary point. The new solution concept reflect that fact
that each protocol must have no first-order profitable deviation in its own controlled parameters, while the
sub-gradients on the shared market state must only balance on aggregate. This gives a tractable first-order
equilibrium concept that is aligned with the reformulation of the EPEC to a linkage problem. There are
several important limitations. First the full EPEC is non-convex, which means that the regularized linkage
problem is not guaranteed to be globally elicitable maximal monotone, although the regularization is in-
corporated to add curvature to the problem. Second we do not prove existence of a variationally stationary
Nash point of the full EPEC, and instead only guarantee that lower level equilibirum exists. Third the al-
gorithm converges to variationally stationary Nash points which is not necessarily a globally optimal action
profile. Despite these limitations the framework provides a useful testbed for studying algorithmic control

of liquidation-focused protocol parameters.
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A Proofs

A.1 Proof of Lemma 2.3

Suppose that the borrower has debt value d;(t) and posts c(t) units of collateral with price py(t). Let ¢
denote the value of debt repaid by the liquidator. Since the liquidator receives collateral of value (1 + 7;x)¢,

the number of collateral units removed is (1 + 7;)¢/py(t). Hence

(14 v )?

dalt) =du() =6 ) =c(t) = 75

The post-liquidation debt-to-collateral ratio is therefore

diy () di(t) — £
(Opr(t)  ct)pe(t) — (L +yi)l

To restore the position to the liquidation threshold, we require

dig(t) = ¢ |
c(Oprt) — (1 + 7 )l < ..

Assuming c(¢)px (t) — (1 + ~ix)€ > 0, this is equivalent to
dir(t) — € < Oipc(t)pr(t) — Oin(1 + vir)L,

or
it (t) — Oirc(t)pr(t) < (1 — O (1 + vir))-

Thus, if 1 — 6;5(1 4+ ;%) > 0, the minimum liquidation value is

di (t) — Ospc(t)pr(t) }
1 =0 (1 +7vik) )

lmin(t) = max {O,

A.2 Proof of Proposition 2.6

Let N := N f,g In a first-price auction with NV risk-neutral bidders whose private values are i.i.d. uniformly
distributed on [0, W], the unique symmetric equilibrium bid function is
N -1

Bv) =~

as given in example 2.1 by Krishna (2010). Let V() = max{V1,...,Vy} denote the highest valuation.

Since the bidder with the highest valuation wins, the winner’s realized net reward is

N -1

1
Vivy = BViw)) = Vi) = ——Viny = V-
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Since V; ~ Uniform([0, Wj;]), the expected maximum order statistic is E[V{y)] = NW;; /(N + 1). There-

fore,
1 N 1

e W= —— W
N N+1 *  Ng1 ' *

E[Viny = B(Viw)] = %E[V(N)] =

Hence the expected net reward of the winning liquidator is R;, (Ni’;;) = Wi/ (sz%c +1).

A.3 Proof of Proposition 2.9

Our aim is to find

E[H (1 A 7o) |pk(to)] =
E[H (7)|79 < 7, pk(t0)|P(70 < 7[pk(to))

b(t)

where, T :inf{tzt :720}
P O c(to)pi(t)

To do this, we first find P(79 < 7|pr(to)) then find the expectation. To find the probability, consider the
function X (t) = In(c(to)pk(t)/b(t)).Using the fact that b(t) = b(to)e™(V)(=1) and the GBM py(t) =
p(to) exp{ (i — (1/2)02)(t — to) — or(WEF — W)} we apply 1t6’s formula to get

1
dX(t) = m, pdt + deWtk, mik = bk — 50,% —ri(Uh).

The problem of finding P(7y < 7) then simplifies to find a function f(x) defined as
P(7o < 7| X (to) = 2) = E[P(7a < 7|70)|X (to) = 2] = E[e 1) X (tg) = 2] := f()

where x = In(c(to)pk(to)/b(to)), 7o = inf{t > to : X(t) < a :=1n(1/0)}, and X (¢) satisfies the SDE
dX (t) = m; ydt + opdW}. Under these conditions f(x) satisfies the Feynman-Kac formula

1
§aZf” + m,;’kf’ —wif =0, st f(a)=1, lim f(z)=0.

T—r00

Trying the ansatz of f(x) = exp(—«r(z — «)) yields

M J — /ml%k + 20%@)@'
(l‘ - Oé) )

P(ra < 7IX(to) = 2) = f(z) = exp{ g

which satisfies the boundary conditions. Whats left is to find is E[H (7,,)| X (to) = x, 7o < 7]. Note that

linin(Ta) = 0 since at 7, X (7o) = In(c(70)pr(70)/b(70)) = o = In(1/6) which implies that d; 1. (t) =
0; xc(t)pr(t). Therefore H(7,) is deterministically given as c(to)x (h(7))(1 4+ ) = c(to)x(1)(1 +~) =
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(c(to)/2)(1 + ). So we conclude that

mg g — m? + 202w;
E[H (7 A )| X (o) = 2] = C(to)(wexp{ PV R TR (x—oz)}

2

)1+ ) ((ucltomts)\ %
b(tO) b(t[))

Moreover, the same calculation gives a closed-form expression for the expected effective time horizon

7; := T A\ To. Indeed, conditioning on 74, and using the independence of 7 ~ Exp(w;), we have
E[r Ao | X(to) = 2] = E[E[r A 7o | Tay X(to) = 2] | X(t9) = 7]

To
:E[/ P(T>s|72to)ds\X(t0):x}
to
Since T — tg ~ Exp(w;), we have P(7 > s | 7 > tg) = e~«i(5=%0) Therefore,

E[r Ao | X(to) = 2] = E [/ i) 4 | X (tg) = 4

to

_ p—wi(Ta—to0)
—E [1 ¢ | X(to) = x]

Wi

11— Ee it | X(tg) = a

Wi

Tk

[ m2 2
me g mi,k+20kwi
i

My g — 4 /m? +202w;
Using the expression derived above, E[e~«(7a=t0) | X (ty) = x] = exp { : (- a)} , We
obtain

E[ﬁ ‘pk(to)] = :}Z 1-— (szc(t())pk(to)>

b(to)

A.4 Proop of Proposition 3.2

Fix a protocol 7. Given the rival protocols’ actions a* ;, protocol :’s MPEC is

minimize f;(z) st a; € A;, x € SOL(a,a”;).

a;,x

Equivalently, using the extended-value representation, define

Filag, a*, z) = fi(z) a; € A;, x € SOL(a;,a*,),
+00  otherwise.
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Then protocol i’s MPEC is equivalent to the unconstrained extended-value problem minimize,, ;. fz (ai,a*;, ).
By assumption, (@], xz*) is a local minimizer of this extended-value problem. The Clarke-Fermat necessary

condition for local minimality gives (0,0) € 0(q, ) fi(a;f‘, a*,;,x*). Because (a}, z*) is feasible for protocol
i’s MPEC, we also have z* € SOL(a}, a* ;) = SOL(a*). Since this holds for every protocol 7, the common
lower-level equilibrium condition z* € SOL(a™) is satisfied. Now define w} := O foralli = 1,...,N.

Then, for every protocol ¢, (0, w;) = (0,0) € Ogi 2) fi(a*, z*). Moreover,

N N
dwr=>0=0
1=1 =1

Thus z* € SOL(a*), each protocol satisfies. Therefore (a*, x*) is a variationally stationary Nash point.

A.5 Proof of Proposition 3.3

By construction, A = [[~, A; where 4; = ([\, 1] x [8,1] x [0,1])* so A is compact. By assumption,
X # (). Moreover, X is convex and closed because it is defined by affine equality and inequality constraints.
The simplex constraints imply that every component of z”, 2%, and z% lies in [0, 1], so X is bounded. So
A& is nonempty, compact, and convex. We next note that F}, is continuous on A x X. Indeed, the utilization
rate is continuous because a:ZL + € > ¢; > 0, the interest-rate function is smoothed, the lower bound 8 > 0
keeps the expected liquidation expression finite, and the regularization term p(x — Z) is continuous.

Fix a € A. Since X is nonempty, compact, and convex, and z — F},(a, z) is continuous, the finite-

dimensional variationally inequality
Fya,z) (y—x)>0 WyeX

admits a solution by (Facchinei and Pang, 2003, Corollary 2.2.5), so SOL,,(a) # (. It remains to prove that
I',, is compact. Since I', € A x X, and A x X is compact, it suffices to show that I', is closed. To that end
let

(a",z™) e Ty, (a",z") = (a,x).

Forevery y € X, F,(a™, ™) (y — 2™) > 0. Passing to the limit using continuity of £}, gives

Fu(a,) (y—x) >0 Yy e X.

Therefor € SOL,(a), and as a result (a,z) € I',. Hence I';, is closed. Since it is a closed subset of the

compact set A x X, ", is compact.

A.6 Proof of Lemma A.1

Lemma A.1 (Orthogonal complement of the agreement subspace). Let £L = {(z1,...,2n) 1 21 = -+ =
2N} be the agreement subspace. Then L+ = {(yl, Co L UN) G Zf\il Y = 0} .

Proof. First, suppose y = (y1, - - ., yn) satisfies Zfil y; = 0. For any z € L, there exists a common vector
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Z such that z = (Z, ..., Z). Therefore,

N N
(y:2) =Y (i, 2) = <Zy¢,z> = 0.
=1

i=1

Therefor y € L. For the other direction, suppose y € L. Then for every Z we have that (Z, ..., 2) € L.
Therefor
N N
0="{y,(%....2) = > (4,2 = <Zyi,2> :
i=1 i=1
Since this holds for every Z, it follows that Y1 | y; = 0. Therefore, £ = {(yl, ) N = O} .
O

A.7 Proof of Proposition 3.4

Suppose first that (z*, y*) solves the regularized linkage problem (15). Since z* € L, there exists a common
pair (a*,z*) such that z; = (a*,2*) forall i = 1,..., N. Since y* € S*5(2*), for each protocol i, there
exists

(v w5) € By fI7 (", 2)

such that y* = (0,...,v},...,0,w]). Moreover, since y* € L, we have that Zfil y; = 0. Looking at
the a;-block of this equality, only y;‘ contributes a possibly nonzero action component, therefor v; = 0 for

allz =1,..., N. Looking at the shared x-block gives Zf\i 1 wi = 0. Finally, because
(07 w;,k) € a(ai,x)fiuﬂ(a*a .%'*)

for each i (i.e the clark sub-differential is non-empty), the point (a*, z*) must lie in the domain of fl“ B

Therefore (a*,2*) € I';,, which in turn implies that
z* € SOL,(a").

Therefor we conclude that (a*,z*) is a regularized variationally stationary EPEC point. For the other
direction, suppose (a*,x*) is a regularized variationally stationary EPEC point. Then z* € SOL,(a*),

and for each i, there exists w;" satisfying

(0,w)) € a(ai,x)ff’ﬁ(a*,fli*), Zw;‘ =0.

Set zf = (a*,2z*) for all i. Then z* € L. Define y/ = (0,...,0,...,0,w}), where all action blocks
are zero and the final block is w. Then y; € Sf”g(z;‘) for all i so y* € SHB(2*). Moreover, Zf\il yr =0
because all action blocks are zero and the shared-state blocks satisfy >, w} = 0, so y* € L. Therefore

(z*,y*) solves the regularized linkage problem.
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A.8 Proof of Theorem 3.5

Fix an outer iteration v. By assumption, the regularized linkage problem has a solution and S has elicitable
maximal monotonicity at level 87, with ¥ > 6¥. Therefore, by the convergence theorem for the progressive
decoupling algorithm (Royset and Wets, 2021, 10.23), the inner progressive decoupling iteration converges
to a solution of the regularized linkage problem (15). Hence the pair returned by the inner loop satisfies.
Now let (z*,y*) be a cluster point of {(z”,y")}. Passing to a subsequence without relabeling, suppose
z¥ — z" and y¥ — y*. Since z¥ € L for every v, and L is a closed subspace, we have z* € L. Similarly,
we have y* € L. It remains to show that y* € S(z*). Since y* € S¥(z"), we have (z¥,") € gph S”.
Because (27, y”) — (2*,y*) and LimOut,_,o, gph S C gph S it follows that (z*,3*) € gph S., which
inturn implies that y* € S(z*). So (z*,y*) solves the unregularized linkage problem. By proposition 3.4,
there exists a common pair (a*, z*) such that 2z} = (a*,2*) foralli = 1,..., N. Therefore (a*,2") is a

variationally stationary Nash point with respect to fl
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