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Abstract

Many dynamic programs can be interpreted as
shortest path problems on ordered directed acyclic
graphs (DAGs), where edge weights are optimal
values of non-trivial optimization problems. In
such cases using approximate lower-bounding
weights can reduce computational cost. In this
paper we introduce general formalisms to study
these “lazy shortest path” problems where edge
weight computation is delayed or avoided. Our
primary contribution in this area is introducing
the concept of a graph Silo, which captures the
degree to which a graph permits paths that are
nearly tied to the shortest path. We show that such
formalisms are especially useful in bounding be-
havior of canonical lazy shortest path algorithms
such as LazySP. We then use our formalisms to
motivate the introduction of a new class of lazy
shortest path algorithms that introduce lazy label
correcting algorithms to the lazy shortest path lit-
erature. Empirically we find that on graphs with
many near ties our proposed Pruning Shortest
Path family of algorithms outperforms the LazySP
framework.

1. Introduction

Dynamic programming problems of the form,

)= Oggi;lg{f(i) +w(i, j)}
st w((,j) = min g(z;4,5).

xJ

ey

can be found in a wide variety of fields ranging from change-
point detection, time-series segmentation, optimal control
with switching, and even recent applications to LLM se-
quence planning (Jackson et al., 2005b; Auger & Lawrence,
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Figure 1. Fully connected forward time-ordered DAG.

1989; Zheng & Ye, 2023; Yao et al., 2023). The canoni-
cal interpretation of recursion 1 is that of a minimum-cost
path/shortest path on an ordered directed acyclic graph (or-
dered DAG) G = (V, E,w). We define such an “ordered
DAG?” in definition 1.1. Such graphs can often be visualized
as a fully connected DAG like that in figure 1.

Definition 1.1 (Ordered DAGs). We let D(T) = {D =
(V,E,w)|lV ={0,1,...,THE ={(,j): 0<i<j<
T} w(i,j) : E - R,T < oo} be the space of T' node
ordered DAGs. We refer to G as a T node ordered DAG if
G e D(T).

The computational challenge in finding the shortest path
on a graph G € D(T) often times depends on the cost
of computing w(i, 7). In many classical stetting these edge
weights admit closed form-expressions or exploit strict prop-
erties about w, which makes computing all T'(T + 1)/2
edge weights feasible. However in an increasing number of
modern applications w(i, j) is itself the optimal value of a
non-trivial optimization or learning problem.

1.1. Examples of Ordered DAGs with Expensive Edge
Evaluations

The problem structure we’ve outlined is broad enough to
fit applications from many domains. To illustrate this point
and motivate the importance of studying such problems we
identify three examples from three different domains which
fit the structure of problem 1. We begin with a classical
example from change point detection.

Example 1.2 (Segment Neighborhood). Segment Neigh-
borhood, aims to find an optimal splitting scheme of a time-
series by solving

.
{ro<m <--<7}= argmin Zﬁ(n_l,n) + 7y

rTo< < Trp i—1
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.where £(i, j) = mingex,, g(w;4,7) such that £(i,i) = 0
(Auger & Lawrence, 1989). Such a problem is easily recast
to
N . N0l Tiso}. _
Fa) = i 4f(0) + 06, J) + 9Tz}, F(0) =0

by interpreting each edge as a segment, ,which matches
problem 1. The optimal splitting regime {0 = 79 < 71 <
-+« < 1, = T} is then recovered by identifying the nodes
in the shortest path.

There are several other algorithm in change-point detec-
tion literature such as the more modern PELT algorithm
which make use of the same dynamic programming based
problem structure (Jackson et al., 2005a). Next we explore
an example from on-off control, sometimes referred to as
“Bang-Bang” control.

Example 1.3 (On—Off Control with Resets). Consider a
dynamical system with binary control input u; € {0, 1} and
state dynamics x4+1 = F(zy, us). Assume that whenever
the control switches at time 7;_1, the system state is reset
to a known state Zyeset(75—1). The objective is to choose
switching times {0 = 70 < 71 < --- < 7 = T} that
minimize the total cost

> Urica, ) + 1y (@, Tic)

i=1

where £(i, j) denotes the cost incurred by holding the con-
trol fixed over the interval (4, j] starting from the reset state
at time . In particular,

j—1
£(i,j) = min cx(i’m),m,t + p(zP™ ,
)= i et o)

where the state trajectory satisfies ; = Tyeset(?) and

J:&T) = F(z\"™ m) is the state at t + 1 given a con-
trol choice m € {0,1}. Defining f(j) as the minimum
achievable cost up to time j, the problem admits the dy-
namic programming recursion

.f(.]) = min {f(Z) + 6(27.7) + ’Y(In,],ﬂ‘_l)ﬂi;ﬁo},

0<i<j<T
which matches the form of problem 1. The optimal switch-
ing schedule is recovered by identifying the nodes along the
shortest path from 0 to 7.

On-off control with resets has been a popular modeling
choice for problems involving regenerative dynamics, in-
cluding machine maintenance, inventory systems with re-
plenishment, and more. Finally we identify a simple but
computationally difficult example from robotic planning.

Example 1.4 (Simulation-Based Motion Planning under
Uncertain Obstacles). Consider a robot that must navigate

from a point in space A to B given uncertain/probabilistic
obstacles appearing on that path. Assume that the robot
has access to T — 2 way-point/check-points along the way.
The robot must then choose whether to use a given check-
point and how to arrive at each check point. The problem
reduces to a shortest path problem on a ordered DAG, where
{A,1,...,T—2, B} are nodes, and an each edge has a cost
By [L(w; i

w(lv .]) = min 3 ]) + A Hcollision]

TE€Xy|(4,7)
where A > 0 is an obstacle collision penalty and L(x; 1, j)
is the cost of executing a path = from checkpoint ¢ to j.

Then the globally optimal plan over checkpoints satisfies
the ordered DAG recursion

f(]) = min {f(%) + HlmlnL(CL',Lj) + )\]Icollision}~

0<i<j<T

In cases, such as that outlined above, the evaluation of w,
can be a costly process in and of itself, which may require
computationally expensive iterative solvers or even Monte-
Carlo simulations whose costs dominate the overall runtime
and makes O(T?) edge weight evaluations unreasonable.
This means that applying traditional shortest path algorithms
like Dijkstra, Bellman-Ford and A*, where computing many
or all true-edge weights is required, is infeasible.

1.2. Previous Work & Literature Gap

The recent trend toward solving shortest path problems on
graphs with expensive-to-evaluate edge weights has moti-
vated the use of delayed or reduced cost edge weight eval-
uations, in which the edge weights are lower bounded by
a simpler to compute quantity w(e) < w(e) and the true
edge weights are only computed when necessary.

Much of this work has come out of the field of robotic
planning, where Dellin et.al developed the LazySP algo-
rithm class (Dellin & Srinivasa, 2016). LazySP is a general
algorithmic framework that repeatedly computes shortest
paths on a graph with lower bounded edge weights then
selects edges to update to the true edge weight. In recent
years this approach has been expanded to include different
edge selectors or incorporate tools from optimal control to
improve the algorithm’s efficiency, in terms of the number
of true edge evaluations required, and show equivalence to
other lazy shortest path algorithms (Mandalika et al., 2018).
For example it was found that depending on the selector,
LazySP can be shown to be equivalent to Lazy A* and
weighted A* (Dellin & Srinivasa, 2016). Other works, aim-
ing to characterize the behavior of LazySP, have bounded
the number of true edge evaluations for probabilistic edge
weight function w(z, j) (Haghtalab et al., 2018). While the
LazySP framework most explicitly formalizes the idea of
using lower bound edge weights, other algorithms D* or D*
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Lite also handle the idea of graphs that evolve over time but
lack explicit relationships with lower bounding strategies
(Stentz, 1995).

We observe that a major gap in prior literature, is the lack of
algorithmic and theoretical differentiation between general
graphs and ordered DAGs of the form induced by recursion
1 with lazy edge weights. Such a differentiation is useful
given the prevalence of ordered DAGs, as explored in 1.1,
and the fact that many ordered DAGs admit specialized
properties such as topological dynamic programming, pre-
fix dominance, and structured label correcting algorithmic
schemes. Due to the focus on algorithmic development
for general graphs, lazy shortest-path literature is largely
dominated by algorithmic approaches that resemble label-
setting methods where a candidate path is identified and
true-edge evaluations are performed along the path until
optimality can be certified (Dellin & Srinivasa, 2016). On
the other hand, label-correcting type algorithms for shortest
path problems with lazy edge weights are largely absent
from lazy shortest path literature.

To address this gap, we first introduce a DAG specific analyt-
ical framework for studying lazy graph representations and
lazy shortest path problems. Specifically we show that the
behavior of the canonical approach, LazySP, can be charac-
terized by geometric objects we call Silos, which capture the
degree to which a graph permits near ties among candidate
paths. We show that Silos largely govern the algorithmic
efficiency of LazySP shortest path schemes. Building on
this characterization we introduce a Pruning Shortest Path
family of algorithms based on label correcting mechanisms.
Empirically we find that our proposed class of algorithms
can be more efficient then LazySP type algorithms in graphs
that alow for near ties (ill-defined Silos) whereas LazySP
dominates in regimes where near ties are rare (well-defined
silos).

2. Formalisms for Lazy Ordered DAGs

In this section we formalize a theoretical framework through
which we can analyze general lazy shortest path algorithms
on ordered DAGs. We begin by formalizing the concept of a
“lazy graph” and some useful path wise characterizations of
a graph. We build up to the concept of a “graph Silo” which
functionally captures the degree to which a graph allows for
paths that are nearly tied for the position of shortest path.

Definition 2.1 (e- Lazy Graphs). Given a graph G =
(V,E,w) € D(T). A corresponding graph Gf, =
(V, E,w§,) is referred to as a “e lagy graph of G” if for
all e € F we have that 0 < w(e) — wyp(e) < e. We re-
fer to Dy, (G €) to be the set of ¢ lazy graphs of a graph
G e D(T).

Definition 2.2 (Lazy Graph Couples). Given a graph G €

D(T) we define
C(G;e) = {(G, G}y |Gl € Din(Gie)

as the set of all € lazy graph couples of G
Definition 2.3 (Path-wise Quantities). Let G € D(T).

1. (Feasible Paths): The set of feasible paths from node 0
to k is defined as

P()Hk(G):{(O:U(]<U1<'--<Um:]€):UiGV}

2. (Path Cardinality): Each path m € P;_,; travels on
edges E(m) C Py1(G). We denote 7 itself as an
ordered set of nodes with cardinality |r|.

3. (Path Costs): Each path on a graph G has a cost ¢(7; G)
where

Il
o(m; G) =Y wlg—1,q)

Definition 2.4 (y-Optimal Region). Given a graph G €
D(T) and path 7 € Py_;(G). We define a y-optimal
region centered around 7 as

Ny (m;G) = {n’ € Pyx(G) : e(7'; G) — e(m; G) < v}

Definition 2.5 ((vy, 1+)-Silo). Given a graph G € D(T') and
path m € Py, (G). We define a (, u1)-Silo centered around
T as

S(%H)(W;G) = {71'/ € N“/(”% G): Vi & NW(WQG),
c(7;G) —e(n';G) > u}

The concept of a (v, u)-Silo centered at 7 is best concep-
tualized by representing each path as a point in a cost
space, where the space is imbued with a distance pseudo-
metric dg,_ . (n,c)(7') = |c(n"; G) —c(m; G)| for any paths
7', € Po—ik(G). A (0, u)-Silo centered around 7 is then
defined as all paths that are y-close to ¢(7; G) and p-far
from every path not in the silo. This conceptualization is
illustration in 2. A useful quantity to measure of (v, u)-
Silos is the Silo volume Vol(S), which quantifies the total
number of unique edges contained in a Silo.

Definition 2.6 (Edge-Volume). Given a graph G € D(T), a

path m € Py_,;(G). Then edge volume is the total number
of unique edges in a set of paths S C Py_,1(G)

Vol(S) = | | E(x)|

TeS

We note that it will become useful to consider shortest paths
7* that are “separated” in cost space from all other paths.
We refer to such a path is d-robust.
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Figure 2. Nlustration of (-, u)-Silos

Definition 2.7 (§-Robust). A graph G is d-robust if the
shortest path satisfies any one of the following properties,
each of which is equivalent .

1. 7* is the unique shortest path on G, whith cost
e(m;G) — e(n*;G) > 6 > 0 for all other paths
e P0_>T(G)

2. Ns(n*;G) = {n*}

3. The graph G permits a Sy s(7*; G) Silo centered at 7*

While these graph characterizations may seem arbitrary at
first, we show that they allow us to prove a general result
regarding shortest paths on lazy graph couples.

Lemma 2.8 (Sufficient Conditions for Shortest Path Equiv-
alence). Given a € lazy graph couple (G, Gj,) € C(Gje)
such that G is 6-robust with shortest path 7™ and 6 > €T.
Then the shortest path on G, is T*.

On its own Lemma 2.8 tells us that for any € lazy graph
couple (G, Gf,) € C(G;€) where G is §-robust the shortest
path problem on G7, is equivalent to that on &, which means
that in practice, one could apply Dijkstras or Bellman-Ford
algorithms directly on to G7j, to retrieve the shortest path on
G.

2.1. Application to LazySP

Next we demonstrate the practicality of our theoretical
framework to solve an open problem for the family of
LazySP algorithms. Namely, what properties of the ¢ lazy
graph couple (G, Gf,) are sufficient to achieve best case
behavior using the LazySP family of algorithms. We begin
by formalizing the LazySP family as described by Dellin et.
al (Dellin & Srinivasa, 2016) within our analytical frame-
work, along with the canonical metric to evaluate LazySP
algorithmic performance.

Definition 2.9 (LazySP Family of Algorithms). Given a
e-lazy graph couple (G,Gf,) € C(G;e), where w(i,j)

is hidden from the algorithm. The LazySP family of al-
gorithms assumes access to a function ShortestPath(G)
which returns the shortest path on a graph G, a function
Selector(G, w) which selects one or more edges from a
path 7, and a function Eval(i, j) which returns the true
edge weight w(4, j). Using these three oracle functions the
family of LazySP algorithms is defined as algorithm 1. We
refer to the families of LazySP algorithms as LSP, with
each algorithm A € LSP being uniquely defined by the
Selector(G, ) used.

Algorithm 1 LazySP

1: Instantiate G2, = (V) E, Wwork) With Wuwork(i,5) =
wip (1, j) as the working graph. Set v = 0.
2: loop

3: 7 < ShortestPath(G7,o 1)
4 iV(,5) € m Whon(isg) = w(i, j) then

return 7
5:  endif
6:  Esciccted < Selector(Gr, o, T)
7: for (747]) € Eseiecteq do
8: if w0 (4, 7) # w(i, 7)) then
wZ]O’V‘kJ(i7 .7) — Eval(i, .]) = ’LU(7,7 ])
9: end if
10: v=v+1
11:  end for
12: end loop

To rank each algorithm in A € LSP for any € lazy graph
couple (G, Gf,) we define the commonly used metric of To-
tal Evaluations, which we will use as the primary efficiency
metric from this point forward. Studying total evaluations
is particularly useful for graphs with expensive to evaluate
edge weights, since our primary goal is to reduce the number
or expensive true edge weight evaluations.

Definition 2.10 (Total Evaluations). We define total eval-
uations for any A € LSP as the the total number of times
the oracle Eval(i, ) is called before termination.

Note that the trivial upper bound for any algorithm A €
LSP is simply all edges present in a graph, |F|. Within
the setting of ordered DAGs |E| is at most T(T + 1)/2.
However using our framework we prove a general state-
ment regarding when we can bound the worst case total
evaluations of an algorithm A € LSP.

Theorem 2.11 (Siloed Worst Case Behavior). Given an €
lazy graph couple (G, Gf,) where the shortest path on G
is ™ and the shortest path on Gy, is m},. Assuming (1)
there exists S, ,)(7*;G), a (v, u)-Silo centered around
7 on graph G, and (2) that u + v — eL > 0 where
L =max;gs . (x:0) |7|. Then for all A € LSP where
Selector(G,7) C 7 (i.e no out-of-path evaluations) the
worst case total evaluations will be Vol(S, (7*; G)).

In other words if a silo exists around 7* we can achieve a
tighter bound on the total evaluations. The proof of Theorem
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(a) Path = (0, 1,2). (b) Path ' = (0, 2).

Figure 3. Two time-ordered DAG paths that are path-wise close:
7' is obtained from 7 by a single node deletion (equivalently, 7
from 7’ by one insertion). This illustrates near-tie alternatives that
lie within small edit distance of an optimal path, corresponding to
small silo volume.

2.11 is instructive in that it provides us with the following
invariant property of LazySP. Namely that if a candidate
path selected is contained within a Silo then all future paths
selected will remain inside the Silo.

Corollary 2.12 (Silo Containment). Given an € lazy graph
couple (G,GS,) where the shortest path on G is m*
and an algorithm A € LSP. Assuming (1) there ex-
ists S(y,.)(7*;G), a (v, u)-Silo centered around 7* on
graph G, and (2) that n + v — €L > 0 where L =
MaXrgs, . (mG) |7|. Then if a path 7 is selected at
some iteration v of A by ShortestPath then all paths ©"
forr > v will remain in S, ,)(7*; G).

This containment invariant yields two core insights. First
that LazySP’s behavior depends largely on the guess of an
initial path. Second that LazySP’s total evaluation behavior,
is poorly bounded when the there are many distinct paths
with costs near the optimal cost. However we observe that
even if there are many near ties LazySP can still perform
well if most near ties are within a small edit distance of
the optimal path. Specifically if a most near optimal paths
require few node insertions or deletions then the Silo volume
remains small and LazySP remains well behaved. Such
paths that are near ties in terms of cost and yet remain path-
wise “close” to the optimal path can be illustrated as figure
3.

A special case of theorem 2.11 is when a the graph permits
a .So,5(m*; G) silo centered at 7* in which case the shortest
path 7* is referred to as d-robust. In this case any algorithm
A € LSP is guaranteed to have only |7*| total evaluations,
which is the best case behavior of A.

Proposition 2.13 (Sufficient Conditions for Best Case Per-
formance). Given an ¢ lazy graph couple (G, G§,) where
the shortest path on G is 7. Assuming that (1) G}, and
G are 6-robust and (2) 6 > €T. Then for all A € LSP
where Selector(G, ) C 7 (i.e no out-of-path evaluations)
the total evaluations will be |7*|.

We note, that the assumptions of proposition 2.13 or theorem
2.11 could be difficult to satisfy. However they may be
defensible on a K-node subgraph G g ) of G € D(T)
where where V(o ) = {0,..., K} and Ex = {(i,]) €
E : 0 <i< j < K}. Inthe case where the sufficient
conditions are satisfied on a K-node subgraph one could, if

the graph is prefix dominant, reduce the problem into two
stages. Where the first stage solves the shortest path problem
on Gfby(o’ K)» and second applies LazySP to the € lazy couple
(Gleb’(TmT), G, 1)) Where W?O’K) ={0,7,...,7, K}
Definition 2.14 (Prefix Dominance). Given a graph G €
D(T') with optimal path 7*. Let G, k) be a K-node sub-
graph of G such that Vi = {0,..., K}, Ex = {(i,7) €
E:j <k}, and 7% (%K) is the shortest path on G(o,x)- We
refer to the G is prefix dominated, if forall 0 < K < T
we have that 7%(%) = (0,7, ..., 7., K} has prefix
{0,..., 7} which is also the r prefix of 7*.

Corollary 2.15 (Subgraph Dominance). Given an € lazy
graph couple (G, GS,) where the shortest path on G is
. Assuming that (1) the (0, K)-subgraphs Gl 0,10) and
G(0,k) are 6-robust, (2) 6 > €T and (3)G is prefix domi-
nant. Then for all A € LSP where Selector(G,m) C w
(i.e no out-of-path evaluations), A € LSP can be aug-
mented to reduce the total evaluations to a worst case
of |7TZ‘TT)| + (T — 7 )(T — 7 — 1)/2. Where Tlo.x) =

{0,71,...,7r, K} is the shortest path on G(0,K)-

Weconclude with the observation that the formalisms and
properties we’ve developed to describe lazy ordered DAGs
are useful in proving bounds on existing LazySP-type algo-
rithms for ordered DAGs. We also observe that LazySP’s
total evaluation behavior is largely dominated by geometric
properties in both the cost space of DAG along with the
path-level geometry (in terms of edit distance).

2.2. Correspondence Theorems

Properties required to reap the benefits of results like
Lemma 2.8 and proposition 2.13, such as §-robustness, -
degeneracy, and e-lazy graphs, may be difficult to verify in
a brute force fashion. To that end we note that concepts
introduced are deeply related to well understood properties
about the edge weight function

w(t,7) = min g(x;4,7). 2
(i,7) xexﬂg( 3,.7) )
To study such relationships we first introduce a few defini-
tions, before moving on to correspondence between struc-
tured w(i, ) optimization problems and the previously de-
fined quantities.

Definition 2.16 (m-paths). Given a graph G € D(T) a
path 7, is considered an m-path if 7, € Py_,7(G) and
|E ()| = m. We denote the shortest m-path among m-
paths as ..

Definition 2.17 (x Parameter Space). Given G € D(T)
where w(i,j) = mingey g(x;4,5). Consider 7 €
Pook(G). We define % = (x} ,...,xf ) € X™ to be

the vector of optimal z, = arg min,cx g(z;e;) for each
edge (i,j) € E(m).
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Proposition 2.18 (Splicing Regimes d-Robustness). Given
G € D(T) such that X C RTXni>XXna gnd (i, j) =
minge x g(2#9)), where (%3] is the vector splice of x with
all indices outside [i, j| set to 0. Assume that (1) g is -
strongly convex in x and (2) that ||z — x%.|| > § then G is
(ae/2)8%-robust.

Proposition 2.18 is especially useful for data-based prob-
lems where the aim of w(i, 7) is to fit parameters to a certain
subset of data. Such structures arise frequently in change
point detection literature, where the problem must find pa-
rameters z € RT*I1": for various splices of data.

Proposition 2.19 (Convexity in Edge Length §-Robustness).
Given G € D(T) where the weight function w(i,j) is
structured as w(i, j) = mingex f(1) + h(x,1) + \ where
l = j —i. Assume that f(l) is a-discrete strongly convex
in l and h is jointly convex in x and l. Then T}, is c-robust
among the other m-paths

Proposition 2.19, on the other hand, is useful for regimes
where the edge weights represent the cost of traveling true
distances which grow with the length of each edge. Addi-
tionally many settings require weaker conditions then full
d-robustness and instead require a §-robustness over paths
of a specific length. Such settings arise in robotic planning
where the cost of executing a strategy on a longer edge is al-
ways more expensive then executing a strategy on a shorter
edge and the robot is expected to reach exactly m-nodes on
its path. We’ve shown that the concepts of §-Robustness
which are central to Lemma 2.8 and theorem 2.11 can be
related to traditional concepts from convex optimization.
Next we show that path level convexity can help us bound
the Volume a Silo. This particularly useful in actualizing
the bounds from theorem 2.11.

Proposition 2.20 (Volume Bounds). Given a G € D(T)
where the cost function satisfies

o(m; G) — (7% G) = S p(m) — d(n")3

for an injective function ¢() : Po_,7(G) — Z. for some
d > 0. Then for a silo S ,,(7*; G) we have that

VOI(S(.Y’#) (m*;GQ)) <

_(T(T+1)
mm{f’

Unlike the other properties covered above, e-lazy graph con-
structions are trivially related to e-approximate minimizer,
which can be derived from many algorithms like gradient
descent method, proximal gradient methods, and many more
(?). One could also imagine that a lower bound weight func-
tion wy (7, j) can be obtained by finding the e-approximate
maximizer of the dual problem of problem 2.

3. Pruning Shortest Path Family of Algorithms

Two major computational challenges of the LazySP is that
it requires the user pre-compute all lower-bounded weights
and it requires repeated shortest path computations. While
this may by feasible in the case where the graph T is small
for G € D(T), or wy(i,7) is trivial to compute, we note
that this is not always the case. The shortest path com-
putations and the computation of wy; (¢, j) may also carry
computational cost such as when the lower-bound weight
function is computed via an abridged iterative process or
a smaller monte-Carlo simulation then what would be re-
quired to compute the true edge weight w(4, j). In-fact we
can derive the following conditions under which LazySP is
a viable competitor to simply computing the shortest path
on G.

Proposition 3.1 (Run-Time Winner). Let (G, GS,) be an
e-lazy graph couple. Consider an algorithm A € LSP.
Let Ty, be the maximum time it takes to compute the lower
bound function wyy (i, j) and let T be the maximum time it
takes to compute the true weight function w(i, j) for any
(i,7), where we assume that Ty, < T. Also Let T, (G) be
the cost of computing the shortest path on a graph G and V
be the number of iterations of A before termination. Then
algorithm A is guaranteed to have smaller runtime if

1
Top € 53 [|EI(T = Too) + TIN, (x5 G

In cases where 7' is sufficiently large the need to iteratively
compute shortest paths of the working graph G, .. at every
iteration v may dominate the algorithms runtime for large
graphs. Additionally LazySP was built for general graphs,
and does not exploit any structural properties of the ordered
DAGs such as the permiting efficient label-correcting mech-
anisms. To address this these two problem we introduce a
new class of lazy shortest path solvers that do not require
iterative shortest path computations and that generalize ex-
isting lazy shortest path algorithms to incorporate both label
correcting and label setting algorithms on order DAGs.

Definition 3.2 (Pruning SP Family of Algorithms). Given
a e-lazy graph couple (G, G5,) € C(G;e), where w(i, j)
is hidden from the algorithm. The Pruning SP family of
algorithms, which we will refer to as PSP. Each algo-
rithm in the family maintains. A working graph G¥ .,
a vector F¥ € RT*! where each element F} represents
the current smallest cost for a path Py_,;(G) and a pre-
decessor list pred” such that for all j, pred[j] = i if
Fy = F/ + wy,,..(i,7). Each algorithm also assumes
access to three oracles. First a function Eval(4, j) which
returns the true edge weight w(é,j). Second a function
Selector(S) which selects edges from a set of edges S C E.
And third, an update function Update(F", EY,. iq> Pred”)
which returns a vector F¥*! and pred”*!. The oracle func-

tions must satisfy four properties.
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1. Update returns F**! such that all (i,j) € E%

selected
satisfy
Fy = min{Fy, B+ w06 ))
2. Update returns pred” ™' [j] = i if /™" = F/*' +
wZ)Jg:k (7’ -7) for all (i’ ]) € Eselecled

3. Every iteration before termination must be effective,
meaning, that (w5l  FY+1) £ (wh . FY).

Each algorithm A € PSP returns the optimal cost as FY.
of the terminal iteration ¥ and the optimal path is retrieved
by backtracking on the predecessors list. The algorithmic
framework is summarized in algorithm 2

Algorithm 2 Pruning SP

1: Instantiate G°,,.. = (V, E, Wwork) With w4 (i,5) =
wip (1, 7) as the working graph. Set v = 0

2: Choose an arbitrary path e Po_,7(G) or set F}' = oo for
allj < T

3: Set pred[j] = i for edge (,7) € E(m).

4: Warm Start: If 7° chosen, for j = 0,..., T, let s(j,7) =
max,,<; Ti set Wuwork(€) = Eval(e) for all ¢ € E(m), and
set o

s(j,m

F0<—Z

,and set pred”[ri41] = 7 foralli = 1,...,s(j, )
: loop
Let Eliged = {(i,7) € E: FY > FY +w!0,4(i,5)}
if E\’//iolaled = ¢ then
terminate
end if
Esl::lected = SeleCtor(E\lfliolaled)
For every (7'7 ]) € Esl;lected set wzz:k(i’ ]) =
wZ}o'rk (7’7 .]) # w(% ])
12: Update FV+1 — Update(FV7 Esl:elected)
13: v=v—+1
14: end loop
15: return ¢(7*; G) =

+w(s(5),5)

7'2 177'1

- oYW

1
1 Eval(i, j) if

F} and 7" = BackTrack(pred”)

We first show that such an algorithmic class does in fact
yield the correct shortest path. The proof itself is very
similar to other label-correcting correctness proofs.

Theorem 3.3 (Correctness of A € PSP). Given a finite
ordered DAG G € D(T). Any algorithm A € PSP will
terminate in finite steps and yield the true shortest path m*
and c(7*; G).

3.1. PSP Instantiations

We note that each algorithm A € PSP has behavior, in
terms of total evaluations and max iterations, that is uniquely
determined by its selector and update function. That that
end we describe three different concrete instantiations of the
PSP tamily of algorithms, one of which has label setting
flavor while the others are label correcting algorithms.

Example 3.4 (Incremental Topological Sort). The Incre-
mental Topological Sort variant requires the following (Se-
lector,Update) pair.

{(’Lv]) € E\l//iolaled:j: 13"'71/}

and Update is defined as function 3, which is called on
j = v during the v*" iteration.

Selector;rs (Eyiolaed) =

Algorithm 3 Incremental
Update(FY, pred”, j)

Topological ~ Sort

1: Input: F"¥, pred”

2: F**' « F, pred’™! « pred”

3: foreachi =0,...,5 — 1do

4 W FTN > FYT 4 wltl(i,5) then
5: Fj”"'1 «— Fi’"H + wvl;j;kl(z 7)

6 pred” T [j] « i

7 end if

8: end for

9: return (F*** pred”™)

We note that Incremental Topological Sort variation is a
member of the PSP class of algorithms and as such will
return the true shortest path in a finite number of iterations.
In fact we can show that the algorithm will terminate in
v = T iterations and so calling Update(F”,pred”, j = v)
is well defined at any point in the algorithm.

Proposition 3.5 (Iteration Complexity of Incremental Topo-
logical Sort). Incremental Topological Sort as defined in
example 3.4 will terminate in v = T iterations.

Example 3.6 (First Edge & Greedy Edge Label Correcting).
The First Arc & Greedy Arc Label Corrector variations are
defined as the following (Selector,Update) pairs. For the
first arc label corrector the selector returns a single edge

SeleCtorFLC(E\?iolated) = ?g%l{(lv.]) € Egiolated}

, whereas the greedy edge selector is defined as

Selectorgro(Eviotaed) =
(FY +w(i, 7)) : (3,) € Eoraeal

Note that both selectors return a single edge. and make use
of the update function 4 which is called on the single edge
(,4) € EY

arg max{F} —

selected*

The first and greedy arc variations both are members of the
PSP family of algorithms. Interestingly, however, they
exhibit very different iteration complexity. This is primarily
due to the fact that unlike the greedy arc variation, the first
arc label correcting variation can guarantee that once an
edge (4, j) exits the violated set it can never renter.

Proposition 3.7 (First Arc Label Correcting Iteration Com-
plexity). The First Arc Label Correcting Algorithm will
terminate in at worst |E| = T(T + 1) /2 iterations.
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Algorithm 4 Label Correcting Update(F", pred”, (4, 7))

s PVt R,

1 pred’*! « pred”

2: foreacht=j+1,...,T do

3 AR > FYT 4wl bl (G, t) then
4 F/ e Ul bt

5: pred”THt] « j
6 end if
7: end for
8: return (F**!, pred”*!)

Proposition 3.8 (Greedy Arc Label Correcting Iteration
Complexity). The Greedy Arc Label Correcting Algorithm
will terminate in at worst (T® — T) /6 iterations.

Through our analysis of the three concrete instantiations of
the PSP family of algorithms, we’ve also come across an
interesting phenomenon. Namely that some algorithms have
a no-re violation property, where once an edge (4, j) has
been removed for EY, . 4 thenit (¢, ) & E7, |..q forallr >
v. Such a property can be reduced to one core assumption
which is present in both the first arc label corrector and
incremental topological sort variations. Whether or not the
algorithms preserve the invariant that if an edge (3, j) is
violated and fixed then no edge (¢, ¢) will be in the violated
set for all future iterations. Such a property is direct result
of ones choice of the Selector and Update functions. Such
a distinction is also what separates label-correcting from
label-setting type algorithms in PSP. We conclude our
analysis by noting that each algorithm in PSP, which acts
on a e-lazy graph couple (G, G§,), can be warm-started with
any path computed using the true edge weights w(i, 5).

We’ve shown that our algorithm class can accommodate
both label-setting and label-correcting type methods, while
also incorporating lazy evaluations similar to the LazySP
family of algorithms.

4. Numerical Examples

Throughout our analysis we’ve made use of the object we
call a Silo, and have found that well-defined Silos (i.e Silos
with small Volumes) will likely exhibit a small number of
true evaluations. We also discussed the PruningSP class as
a label-correcting competitor to LazySP. In this section we
study LazySP and PurningSP in two graph regimes: Graphs
that permit Silos with large and small volumes.

To test the algorithms in both regimes we generate two
classes of 100 fully connected ordered DAGs G € D(T)
with random weights and unique shortest path. The first
class of graphs will be constructed to have many paths
that are nearly tied for the position of shortest path (ill-
defined Silos) and the second class will have few near ties.
We also warm start all PSP algorithms and LazySP with a
random path. In the case of LazySP where there is no native

(a) Well-defined silo (few near- (b) Ill-defined silo (many near-
optimal paths) optimal paths)

Figure 4. Average total evaluations across 100 random DAGs
in D(T) as a function of e. We compare LazySP with Forward
Selector (LazySP), Iterative TopSort (PSP-ITS), First Edge Label
Corrector (PSP-FLC), and Greedy Edge Label Corrector (PSP-
GLC).

capability to use a warm start solution we simply instantiate
w? . with the same true weights w(i, j) that the pruning
shortest path algorithms receive.

We find that within the well defined Silo-Regime, as pre-
dicted by theorem 2.11, the LazySP class of algorithms
perform beats pruning shortest path algorithms in terms of
total evaluations.

However we find that in the case where the graphs have
many nearly tied paths (ill-defined Silos), the Pruning Short-
est path algorithms outperform LazySP. In particular the
greedy label corrector is particularly promising. Addition-
ally the pruning shortest path algorithms do not require
iterative computation of the shortest path which also re-
duces the total runtime of the algorithms in comparison to
LazySP.

All in all our numerical experiments support our earlier
theoretical work, and indicate that the new class of PSP
algorithms have the capacity to beat LazySP for graphs that
do not permit well-defined silos.

5. Conclusion

In conclusion, we identified that lazy shortest paths algo-
rithms specialized for ordered DAGs and that made use of
label-correcting mechanisms were missing from the lazy
shortest path literature. To close this gap we introduced a
class of formalisms to formally study lazy shortest paths
problems on ordered DAGs and proposed a lazy shortest
path family of algorithms that bridged the gap between label
setting and label correcting algorithms. We showed that
empirically our family of algorithms outperforms the canon-
ical lazy shortest path algorithm, LazySP, on graphs with
ill-defined Silos.
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6. Impact Statement

Our work primarily presents advances in the domain of
lazy shortest path problems. Our proposed algorithms are
applicable to a wide variety of fields. As such there are
many potential societal consequences of our work, none
which we feel must be specifically highlighted here.
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A. Proofs

A.1. Lemma 2.8: Sufficient Conditions for Shortest Path Equivalence

Proof. Because Gf, is a e-lazy graph, by definition of an e-lazy graph couple, we know that for any path 7 € Py_,7(G)
each edge weight can differ by at most € and as a result

0 <c(m;G) —e(m; Gy) < eln| < €T

. Using the fact that G is d-robust with shortest path 7* and the assumption that § > €T we get that for all paths

S P0_>T(G)/{7T*}
e(m;G) —c(n*;G) > 6 > €T

Putting the two inequalities together, we get that for all 7 € Py_,7(G),
o(m; Giy) > o(m; G) — €' > co(n™; Gy)
. We conclude that because ¢(7*; Gf,) < ¢(m; Gf,), 7 is also the shortest path of G, O

A.2. Theorem 2.11, Corollary 2.12: Siloed Worst Case Behavior, Silo Containment

Proof. Assuming that every path 7* selected during each iteration v of an algorithm A € LSP satisfies 7 € S(, ) (7*; G)
then the worst case behavior, in terms of total evaluations will be to evaluate each unique edge of the paths in S(, ,)(7*; G).
This implies that the worst case total evaluations is Vol(S(,, ) (7*; G)). What is left to show is this assumption is true. We
proceed by induction. To show the base case at v = 0, we take an arbitrary 7 ¢ S(, ,)(1*; ). By definition such paths
must satisfy

o(mG) = o(mG) + v+ p

. Using the fact that GY . = G¥, is a e-lazy graph we have that
o(m; Gori) = c(m; G) — el
. Using the fact that || < L for 7 € S(,,,)(7*; G) along with the above two inequalities we recover that

c(m; GO 1) > c(m;G) — el > e(m;G) + v + pu — €L
. Since v + pu — €T' > 0 by assumption, and the fact that the cost of a path on the working graph is always less than the cost
of the same path on the true graph, we get that

o(m; Guori) > ("3 G) = (s Glory)

forall m & S(, ,,y(7*; G). Since 7 € S(,,,)(7*; G) by definition we conclude that all out-of-silo paths have cost greater
than at least one path inside the silo and so the shortest path 7° of G® . will be a member of S (v.u) ("5 G). Next we move
on to the inductive step. We assume that the shortest path 7 of G, is a member of S, ,)(7*; G) and our aim is to
show that the shortest path 7+ of the updated working graph GZJJgrlk is also a member of S, ,)(7*; G). To show this we
observe that at iteration v at most L edges of the current path 7w are selected and evaluated, which results in the updated

working graph G* ! . Note that G”Hk is also an e-lazy graph since all edge weights are still at most e away from the true

work* wor
edge weights. Which means that we can proceed exactly as in the base case and conclude that the shortest path 7/+! of
GYt1 is also a member of the silo S, ,,) (7% G). O

A.3. Proposition 2.13: Sufficient Conditions for Best Case Performance

Proof. Since G is §-robust with 6 > €1" Lemma 2.8 applies and we conclude that
ShortestPath(Gj,) = ShortestPath(G) = ©*

. Then what is left to show is that for all iterations » until termination ShortestPath(GY, ., ) returns 7*. We proceed by

induction by maintaining the hypothesis that G¥ | , is d-robust with a shortest path of 7* for all iterations v. At the first
iteration (¥ = 0) ShortestPath(GY ) will return 7* since GC,_ , = G¢,. Additionally G®  , is §-robust by assumption

work wor wor

10
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on G,. Next we move on to the inductive step where we assume that G¥ |, is d-robust with shortest path 7*. Our aim is to

show that GZ;;:k is 0-robust with shortest path 7*. At iteration v by the inductive hypothesis ShortestPath(GY ) = 7*.
Next Selector will select 1 < k < |7*| — v < |7*| — 1 edges from the optimal path 7* to evaluate. Assume that each of the
k edges in Fsejecteq 1 evaluated, and the corresponding weights are updated in G;Jgﬁk. Note that G¥ | , is an € lazy graph
since all edge weights still satisfy 0 < w(i, j) — wk .. (¢,7) < e. So each of the k updated edge weights will increase by at
most €. As a result any path 7 on the updated GI”UJF:,C including 7* will have cost that increased by at most ¢|7*| and will

A (o}
satisfy

C(W; GZ)ork) + 6> C(ﬂ—; GZ)ork) + 6|7T>k|
> c(m; GV ) > e(m G z)

work work

v

. . .
,since by assumption § > €|7*|. Because G, .

m# 7" onGY . will have cost such that

is a -robust graph by the inductive hypothesis, we know that any path

o(m; Gaorr) > (7" Goy o) + 0

work
. Putting the two inequalities together, we get that any path  # 7* on the the recently updated G, , will satisfy

C(,/T; GV+1 ) > C(’/T; GZ)ork) > C(ﬂ—*; GZork) + 4

work
v+l
> c(r* G )
Therefor at the next iteration G*,* 1, will remain J-robust with an optimal path of 7* and as a result ShortestPath(G*1,)
will reselect 7*.

This concludes the induction. So we conclude that because 7* is iteratively reselected and no repeat true evaluations are
allowed for an algorithm A € LSP, then there will only be |7*| total evaluations before termination, since any algorithm
A € LSP terminates once the path returned by ShortestPath(GY ) has all edges evaluated. O

work

A.4. Corollary 2.15: Subgraph Dominance

Proof. Assume that for all A € LSP, A is augmented to first find the shortest path 7*(0-K) = {0,74,...,7, K} on
the subgraph th (0,K) then solve the shortest path problem on G, 7). By Lemma 2.8, the shortest path 7rl*b
Gy (0.5 Will equal the shortest path 7K on Gy k) which requires at most |7*(®5)| true evaluations of w(i, j) by
proposition 2.13. Then by prefix dominance (assumption 3) the shortest path 7* on the full graph G must contain the prefix
{0,71,..., 7-}. The algorithm A € LSP can then be called on the e-lazy subgraph couple (G-, 1), G, (" T)) to 77&*” 7)
which will require in the worst case the true evaluation of all (7' — 7,.)(T' — 7, — 1)/2 edges in G(, 1). By the prefix
dominance of G the shortest path 7* is the concatenation of {0, 71, ..., 7} and 7} 7. So we conclude that the worst case
total evaluations behavior of the augmented A € LSP is [ | + (T — 7 )(T — 7 —1)/2 O

A.5. Proposition 2.18: Splicing Regimes j-Robustness
Proof. Under the structure of w(i, j) the problem of finding the shortest path reduces to solving
min (min Z g(a?[i:j]))
nePy_7(G TeX
SFoor (@ REY ek

Since g is a-strongly convex in « and the mapping from z — PRI linear,g(x[i:j]) remains a-strongly convex. Therefore
the sum F'(m, ) = >, 5 e pm) g(xl%71) is also a-strongly convex in z. Recall from definition 2.17 that 2* is the optimal
parameters for a given path 7. Then strong convexity of F' in z implies that for all paths 7

F(r,2) = o(m;G) > Sllo—ailf, Vaex
,where we use the fact that F'(m,z%) = c(m; G). Let 7* be the shortest path of G, then plugging z%. in to the above
inequality yields

(0%
F(m,27.) = e(n™;G) 2 Sz -zl

11
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By the fact the ¢(7; G) = min, F (7, z) we get that

o(m G) — o(m"; G) 2 F(m,an.) — o(n";G) = %lei* —all

So by assumption (2) we conclude that G is («/2)§2-robust. O

A.6. Proposition 2.19: Convexity in Edge Length j-Robustness

Proof. Since h(x,1) is convex [ for every fixed z we know by Danskins Theorem that

k(1) = min h(x,l) = — min —h(z,l) = max h(z,)

TeX TeX T

is also convex in [. As aresult w(z,j) = f(I) + k(I) + X is strongly convex in I. Let 7., be an m-path of G. So the sum of
edge weights

o(mm; G) =mA+ > f(j—i)+k(—1)
(4,5)EE(Tm)

is a discrete strongly convex in I = (l1,...,ln) € {z € Z7 : Y.7" | z; = T} = Lyy,. Therefore

(i G) = e(m) 2 S lm,, = L |1

Note that for any two distinct rn-paths we have that ||, — I/ ||3 > 2, therefore
o(Tm) — c(my,) = allr,, s
, where [ is the binary indicator function. O

A.7. Proposition 2.20: Volume Bounds

Proof. Denote the shortest path on G as 7* and 7 € S, ,)(7*; G). By the assumption on c and the definition of the silo
Sy, (7 G) we get that

N o
¥ 2 o(m; G) = e(x; G) = Sllo(r) = ()5
Which implies that

I9(m) 9 )IE < 2 = flg(m) — p(r")loe < 1/ 22

«

Using the fact the ¢ is injective with integer lattice domain we that

1Sy (75 G| < (%/?J + 1)d.

Note that if there are K distinct paths in the silo, then at worst there is 1 path with T edges, |7'/2| paths with 7" — 1 edges,
and so on. So we know that there are at most ZzK:1 | T'/i] unique edges contained in the K paths within the silo. So in the
worst case where each path in the silo has distinct edges we get that

Vol(S(y (775 G)) < min{@’ IS¢y, (775 G) {ZJ}

1=

—

12
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A.8. Proposition 3.1: Runtime Winner

Proof. By proposition 2.11, an algorithm A € LSP will be contained (siloed) to a silo S, ,)(7*; G) and as such will only

require the computation of at worst Vol(S(,,,,y(7*; G)) = Vol(N,(7*; G)), where * is the shortest path of G'. Therefore

the total runtime cost of computing the shortest path 7* directly on G' (LHS) will be smaller then the total runtime cost of

the algorithm A (RHS) if

T(T+1)
2

(T+1)

T
T + Tep < Tt + TINy (7" G)| 4+ VT

Simplifying the expression yields
1 *
Top € 57 [|EI(T = Top) + TIN, (" G

A.9. Theorem 3.3: Correctness of A € PSP

Proof. Recall that w”, ., (i,7) < w(i,j) since w® ., (i,7) = wip(i,7) < w(i, ) and w” . (i, ) is only updated via the

Eval(i, j) function. Assume that for some v, EY, ... = ¢. Then

FJI/SFiV+wZJork(i’j)SFiy+w(i7j)7 V(Z,])EE
. Let 7 € Py_,7(G) be an arbitrary path with nodes {0, 71, ..., 7, T}. Unwinding the recursion above over the path 7
yields

Fr < F? +w(ty,T)
< F:m71 + w(Tm—la Tm) + w(Tma T)

m
< Fj + Zw(rq_l,Tq) +w(Tm, T)
q=1

= Zw(qulqu) + 'lU(Tm,T) = C(’]T; G)

q=1

Let * be the path retrieved via backtracking on pred”. Given line 10 and 11 of algorithm 2 and by assumption on the
update function we know that every predecessor pair pred”[j] = 4 if Fy =F7 + w(i, 7). This means that F. represents
the cost of the concrete path 7*. So we conclude that ¢(7*; G) = Fy < ¢(m; G) and that 7* is the shortest path. What is
left to show is the EY. ¢ for some finite v. Assume that (i, j) € E% then by assumption on Update and after the

violated — 1 violated?
evaluation step which sets w’ ! " (i, j) = w(i, j) we get that

+1 +1 -
Fju SFiy +'LU(Z,])

- Since the F}" update assumption implies that £’ ;’H can not increase for all remaining iterations, the only way that (i, 7)
can re-enter the violation set is if ,at some future iteration 7, an edge (s,%) € El . q Such that 0 < s < ¢. During the update
on (s,1) we get that

Er < Frl (s, i)

and that F f“ < F i"“ may be true, which could result in
FI* s B 4 w(i, )

, which in turn would force (i, j) back into E%.1L .. Given that G € D(T') we know that there are exactly i such edges and

violated
so (4, j) may re-enter the violations set at most ¢ times. Therefor after at most

iterations the violated set will become empty. O

13
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A.10. Proposition 3.5: Iteration Complexity of Incremental Topological Sort

Proof. Recall that any algorithm A € PSP terminates when EY, = ¢, at which point the optimal path and cost are

violated
returned by prop 3.3. What is left to show is that at v = T iterations E}} ,..q = ¢. We proceed by induction on the invariant
that at iteration j, (s,t) & E¥ .eq for all (s,t) € E such that ¢ < j. At the base case of v = 0, this condition trivially holds.

Next we prove the inductive step and assume that the invariant holds at v = j. At iteration v = j + 1, Selectorjprg will
select an either select an edge of the form (4, j + 1) or select no edges if there are no violated edges of the form (i, 5 + 1).
In the case where no edges are selected the inductive step trivially holds. In the case where the and arc (4, j + 1) is selected
then the update step will ensure that 'Y, ; < F; + w(i,j + 1). Since Fj ;1 cannot decrease by definition the edge (i,j + 1)
will be re violated only if I sufficiently decreases at some future iteration r such that [, > F[ + w(i,j + 1). This
can only happen if an edge (s, 7) is selected at iteration = such that F" > F7 + w(s,¢). However by construction of the
selector an edge (s, ) can not be selected after the i*" iteration and so we conclude that the edge (i, j + 1) cannot be re
violated. This concludes the induction. And so by iteration T, (i,j) ¢ EZL , ., for all edges (i,7) € E such that j < T,
which implies that E%, o. O

violated —

A.11. Proposition 3.7:First Arc Label Correcting Iteration Complexity

Proof. By construction once an edge (¢, j) we can conclude that no edge (s, ) for s < i is violated. And so in the worst case

each edge (0,1),(0,2),...,(0,7),(1,7),(2,T),...,(T — 1,T) is selected one after another. In which case Elf)]lmed = ¢,
the algorithm terminates in | E| iterations, and yields the true shortest path and cost by proposition 3.3. O

A.12. Proposition 3.8: Greedy Arc Label Correcting Iteration Complexity

Proof. Because the algorithm selects edges in non-increasing order its possible that if an edge (3, j) is selected an earlier
edge (s, 1) is still in the violated set. At which point selecting (s, ¢) at a later iteration has the potential to re-violated edge
(4,7). Consider that F sufficiently decreases at some future iteration r such that F7 > FT + w(i, s). In which case at
iteration r it may be true that Fj'; > F] 4+ w(i,j + 1). So in the worst case each edge (i, j) is reselected i times. Which
means that the after, at worst,

T-1
T3 -T
(T —1) = :
=0
iterations, E\Ei{]z;g)/ 6= ¢, and the algorithm will terminate with the correct shortest path/ smallest cost by proposition
3.3. O
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