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Abstract

Contextual linear optimization (CLO) with bandit feedback is a class of CLO
problems where only the costs of historical actions are observable. Finding an
optimal decision making policy in this setting suffers from the fundamental chal-
lenge that real-world data often lacks coverage over the action space, making the
full cost vector unidentifiable with the data available. A common remedy is to
apply regularization to ensures stability of the learning problem. We show that
this approach admits an alternative interpretation as a specific form of pseudo-
data injection where synthetic data is added to induce coverage. This perspective
suggests a broader question regarding how arbitrary pseudo-data can be injected
when prior beliefs about the environment or data collection process are available.
We propose two methods of pseudo-data injection that reflect structured beliefs
about the underlying cost distribution or the data collection process, and show
that regularization is a special case. We provide regret bounds for policies learned
using post-injection datasets, which highlights how data injection strategies to
repair coverage impact downstream decision quality. We conclude with numerical
experiments demonstrating how policy regret behaves depending on veracity of
prior beliefs, and under what regimes our methods outperform regularization.

1 Introduction

Contextual linear optimization (CLO) uses contextual information to find effective decision making
policies under uncertainty [6, 7, 8, 18]. In most cases the problem of CLO can be reduced to finding
a policy π(x) that solves

min
π(·)

E(X,Y )[⟨π(X), Y ⟩] s.t π(x) ∈ Z, (1)

where X ∈ Rc is a random variable representing contextual information available to the decision
maker, Y ∈ Rd is a random variable representing cost coefficients, and Z ⊆ Rd is the set of feasible
actions. We assume throughout that (X,Y ) is fully described by a latent joint probability distribution
and that Z is finite and satisfies supz∈Z ∥z∥2 ≤ B. The expectation in problem (1) is taken over this
joint distribution. In practice, the problem is solved by observing i.i.d. samples {(Xi, Yi)}ni=1 drawn
from the joint distribution, then finding an optimal policy π(·) in some policy class Π that minimizes
the sample average approximation of problem (1). At decision time, a practitioner will observe some
context X , then use the obtained policy to make a decision π(X). Only after the action is taken, can
the practitioner observe Y which they can use to refine their policy by resolving problem (1).

In the full-feedback setting, the full state of the world is observable and recordable - i.e., the full
vector Y is available [9]. For example, consider the stochastic shortest path setting where a driver
must choose a path on a road network G = (V,E) given some contextual information Xi which
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encodes features such as the weather or road closures. In this case, actions π(Xi) can be represented
as a binary vector Zi ∈ Z ⊆ {0, 1}|E| where πj(Xi) = 1 corresponds to the driver using the jth

edge and Yi ∈ R|E| represents the cost of every road in the network. However, in many cases the
decision maker does not have access to the full-feedback cost vector Yi. For instance, it may be more
reasonable to assume that after taking an action π(Xi), the driver only observes the total cost of
the route taken Ci = π(Xi)

⊤Yi ∈ R while the full cost coefficient vector remains hidden. Indeed
many practical implementations of stochastic shortest path problems have access only to this partial
information [13, 14, 21]. This setting, where only information about the decision taken is observed,
is known as CLO with bandit feedback.

In the CLO with bandit feedback setting, introduced by Hu et. al. [9], the observable dataset
is now given by D = {(Xi, Zi, Ci)}ni=1, where (Xi, Yi) is drawn from the latent joint distribution,
Zi = πlog(Xi) is generated by the historical logging policy, and Ci = Z⊤

i Yi encodes the total cost
of the decision made. This induces a distribution P on (X,Z,C). The learning task remains to find
an optimal policy π : Rc → Z . However, depending on the logging policy, the dataset may contain
little to no information about the costs of alternative actions for a given context Xi. Consequently, if
certain actions were rarely or never taken, then their associated costs cannot be reliably inferred. This
creates an inherent difficulty for learning, since the optimal policy may depend on actions that are
poorly represented in the data. We refer to this problem as a lack of coverage. Developing methods to
mitigate the coverage problem is the central focus of this work.

1.1 Background: CLO with bandit feedback & the problem of coverage

To solve the CLO with bandit feedback problem, Hu et. al [9] propose a two step learning framework
designed to find a policy π : Rc → Z that has low regret

Reg(π) = EP [f0(X)⊤π(X)−min
z∈Z

f0(X)⊤z], (2)

where f0(x) = E(X,Y )[Y |X = x]. Since Y is not available, the first step is to estimate f0(x)

and Σ0(x) = EP [ZZ⊤|X] by f̂ and Σ̂ respectively using the data available. These estimators are
typically referred to as nuisance functions. The nuisance function f̂ is estimated by solving

f̂ ∈ argmin
f∈FN

1

n

n∑
i=1

(Ci − Z⊤
i f(Xi)), (3)

where FN is a user specified hypothesis class for the nuisance function. The nuisance function Σ0(x)
can be estimated by

∑
z∈Z zz⊤e(z|x) where e(z|x) is the estimated propensity score of an action z

given context x under the bandit data generation process. We assume that Σ̂(x) is constructed using
propensity scores throughout. The authors then introduce a score function θ which satisfies

EP [θ(X,Z,C; f0,Σ0)
⊤π(X)] = EP [f0(X)⊤π(X)] ∀π(x) ∈ ΠF . (4)

The authors propose the following choices for θ(x, z, c; f,Σ):

1. (Direct Method) f(x),

2. (Inverse Spectral Method) Σ†(x)zc,

3. (Doubly Robust Method) f(x) + Σ†(x)z(c− z⊤f(x)),

where † denotes the Moore-Penrose inverse. Each of these choices of θ satisfies equation (4) [9,
Proposition 1]. We assume these functional forms on θ for the remainder of this work. In the second
stage, the nuisance functions f̂ and Σ̂ are used to obtain an optimal policy by solving

π̂(x) = argmin
π∈ΠF

∑
i∈D

θ(Xi, Zi, Ci; f̂ , Σ̂)
⊤π(Xi). (5)

Here we denote the policy class as ΠF = {πf (x) = argminz∈Z z⊤f(x) : f ∈ F} since the
class is induced by a choice of some hypothesis class, which need not be equivalent to FN . Critically,
this process relies on certain assumptions on P .
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Assumption 1.1 (Coverage & Ignorability). The bandit data generating process satisfies the following
properties:

1. (Ignorability) EP [C|Z,X] = Z⊤f0(X) ⇐⇒ Z ⊥ Y |X

2. (Coverage) infz∈span(Z)
∥z∥2=1

EP [(Z
⊤z)2|X] > 0, EP [ZZ⊤|X] is invertible on span(Z).

Coverage can be best understood geometrically. Specifically, coverage requires that for any
observable context X , the historical logging policy explores every direction of the action space Z .
To understand why coverage is mechanically important for solving (5), consider an example where
the data generation process does not satisfy coverage. Specifically, suppose there exists a direction
v ∈ span(Z) for which Z⊤v = 0 almost surely. This means that Z⊤(f(x) + αv) = Z⊤f(x)

almost surely, which in turn implies that if f̂ is a minimizer of problem (3), then f + αv is also
a minimizer for any α ∈ R. This poses a challenge to identifying an optimal policy, since using
f̂(x) versus some other minimizer f̂(x) + αv may result in different policies learned. For example,
consider two actions z1, z2 ∈ Z with f̂(x)⊤z1 < f̂(x)⊤z2 and without loss of generality assume
v⊤z1 < v⊤z2. If the nuisance function estimator returns f̂ , we can conclude that z1 is a “better"
decision then z2. If instead the nuisance function estimator returns the minimizer f̂(x) + αv with
α > (f̂(x)⊤z2 − f̂(x)⊤z1)/(v

⊤z1 − v⊤z2) then we have that (f̂(x) + αv)⊤z2 > (f̂(x) + αv)⊤z1.
In this case z2 is a “better" decision than z1. Hence, without coverage, the optimal policy is not
identifiable from the observed data and can be arbitrarily different depending on the choice of a
non-unique optimal nuisance function.

Despite the importance of assuming coverage for reliably obtaining a policy, a bandit data
generation process that creates systematic lack of coverage is not unimaginable in real-world settings.
For example, in a road network, historical factors such as redlining and uneven infrastructure
investment can make certain regions less desirable to drivers. One might consider a problem within a
healthcare setting where specific treatments are rarely or never used for certain classes of patients,
resulting in a similar lack of coverage. Such real-world considerations might make it difficult for a
data generating process to satisfy the coverage assumption. Importantly, even if a data generating
process satisfies coverage, finite sample datasets can still lead to practical concerns. In particular,
there may be directions v ∈ span(Z) that have low probability of occurring under the chosen logging
policy. As a result the nuisance function Σ̂(x) may be singular over the span of Z for certain contexts
x or can become poorly conditioned resulting in unstable inverse or pseudo inverses, which are
essential to solving problem (5) under the doubly robust and inverse spectral choices of θ. In short,
lack of coverage can arise in low data regimes or from systemic real-world decision biases intrinsic
to the data generation process. This leads us to the paper’s core question: can we intelligently repair
coverage in historical datasets?

We answer this question as follows. In section 2, we examine how lack of coverage is typically
addressed via regularization and show its connection to pseudo-data injection and prior imposition.
In section 3, we study how a practitioner can repair the coverage of a dataset using pseudo-data
injection based on prior information about the logging policy or the data-generating distribution. We
also analyze how the quality of a prior-driven data injection impacts policy regret through theoretical
bounds. Finally, in section 4, we present numerical experiments demonstrating that incorporating
prior information to induce coverage can substantially improve decision quality relative to standard
coverage repair techniques.

1.2 Background: warm-starting & data-injection for multi-armed bandits

A special case, emphasized by Hu et al [9], is the simplex setting Z = ∆d, which corresponds with
the classical d-armed contextual bandit problem. Much of the contextual bandit literature focuses
on this setting and develops algorithms for learning low-regret policies from partial feedback data
[2, 12, 19, 22, 25]. A related line of work studies how to warm-start multi-armed and contextual
bandit learners by incorporating distributional priors into classical contextual bandit algorithms
[1, 4, 15]. More recent work has also explored the use of pseudo-observations, generated from
auxiliary sources including supplementary datasets and large language models, to remedy the cold-
start problem [16, 20, 24]. Our treatment of data injection differs in two ways from the contextual
bandit warm-starting literature. First, we focus on expanded settings where Z need not be a simplex,
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but instead can be any finite action set including those that are combinatorial. A consequence of this
expansion is that our pseudo-data injections need not correspond to feasible actions. Second, we
draw from work on synthetic and catalytic priors [10, 17] to argue that pseudo-data injections and
imposing prior distributions serve analogous roles and in some cases are equivalent in CLO with
bandit feedback problems.

2 Inducing coverage through regularization

Inducing coverage in a finite dataset with many rare or missing actions is important to utilizing
key theoretical results in the bandit CLO literature. This task can be reinterpreted as ensuring that
Σ̂(Xi) =

∑
z∈Z zz⊤e(z|Xi) is invertible and preferably well-conditioned on the span of Z for all

contexts Xi in the data D. In particular, this requires that the estimated propensity scores assign
sufficient mass across all directions of Z . In the case where Σ̂ is independent of the context one
might consider calculating propensity as an empirical frequency. However, this approach will assign
0 propensity to unobserved directions in the action space. On the other hand, when Σ̂(x) depends
on the context, one might consider training a separate regression model m : Rc → ∆(|Z|), where
∆(|Z|) is the |Z|-dimensional simplex. However, this approach may also result in ill-conditioned
Σ̂(x) if |Z| is large, since many actions might receive very small propensity scores.

As a result, the simplest method to produce a well-conditioned Σ̂(x) that is invertible on the
span of Z is to use lambda regularization. Specifically, Hu et. al [9] propose replacing Σ̂(x)

with Σ̃(x) = Σ̂(x) + λI , where λ = 1. Despite being a simple fix, the lambda regularization
technique admits a deeper interpretation as augmenting the available dataset D with additional
pseudo-data. We denote the concatenation of two datasets D1 = {αi}n1

i=1 and D2 = {βi}n2
i=1 as

D1 +D2 = {α1, . . . , αn1 , β1, . . . , βn2}.

Proposition 2.1 (Lambda Regularization Pseudo-Data). Solving problem (5) with θISM (x, z, c; Σ̂ +

λI, f̂) over data D with |D| = n is equivalent to solving problem (5) with θDM (x, z, c; f̂ , Σ̂) over
data D̃ = D +

∑n
i=1{(Xi,

√
λek, 0)}dk=1 where ek denotes the kth standard basis vector.

In other words, using lambda regularization corresponds to augmenting the dataset with 0-cost
decisions. Practically, this implies that implementing lambda regularization can be equivalently
implemented by adding pseudo-data to a dataset. For example, for a decision maker who must pick a
path on a road network, lambda regularization with λ = 1 corresponds to adding single road actions
with 0 cost for each observed context. From a decision making perspective, λ regularization creates
an incentive to visit roads not previously covered by the dataset since it assumes 0 cost along unvisited
segments of the road network. In this way, λ regularization can be viewed as imposing a certain type
of prior information on the decision problem: unvisited roads should be explored since they offer an
opportunity to find cheaper paths then those previously taken.

A natural question is whether coverage can be repaired while impositing arbitrary priors on the
expected cost vector. For example consider a case where the practitioner holds the prior that actions
not taken were likely avoided by the logging policy due to their high cost. In that case, lambda
regularization might not be the preferred method of inducing coverage. To that end, we consider
how arbitrary pseudo-data injections correspond to imposing different priors on the cost function.
This relationship has been studied previously [10, 17], however we provide specialized results to the
contextual bandit setting.
Proposition 2.2 (General pseudo-data). Let |D| = n, µ : Rc → Rd, and Λ : Rc → Rd×d

with Λ(Xi) ≻ 0. Assume a point wise prior f(Xi) ∼ N (µ(Xi),Λ(Xi)
−1) and likelihood Ci |

Xi, Zi, f ∼ N (Z⊤
i f(Xi), σ

2) for all (Xi, Zi, Ci) ∈ D. Then, for fixed Σ and any choice of θ,
solving (5) over D using maximum-posterior estimation of f̂ is equivalent to solving (5) over

D̃ = D +

n∑
i=1

mi∑
k=1

{(Xi, σLk(Xi), σLk(Xi)µ(Xi)})

using the MSE estimation of f̂ described in problem (3), where L(Xi) ∈ Rmi×n satisfies
L(Xi)

⊤L(Xi) = Λ(Xi) and Lk(Xi) denotes the kth row.
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Proposition 2.2 informs the practical strategy of imposing general priors by injecting prior-aligned
pseudo-data. A theoretical concern is whether such data injections create datasets that satisfy the
coverage and ignorability assumptions 1.1. In the case where general pseudo-data Dpd is injected,
ignorability is satisfied over the data if all data points in the augmented dataset D̃ = D +Dpd satisfy
Ci = Z⊤

i f0(Xi). Interestingly, in the case of lambda regularization where f0(x) ̸≡ 0, injecting
data

∑n
i=1{(Xi,

√
λek, 0)}dk=1 will create an augmented dataset D̃ that violates ignorability, since

applying the Ci = Z⊤
i f0(x) condition to all data points in the augmenting dataset necessarily implies

that f0(x) ≡ 0. On the other hand, coverage can be guaranteed in the limit if the augmenting data is
drawn i.i.d. from a prior distribution whose mixture with P satisfies coverage. This can be interpreted
as selecting actions that explore previously unobserved directions in span(Z). We conclude this
section by observing that the problem of inducing coverage should be viewed as a data injection
problem where the data injected reflects some type of prior belief. This begs the question; what priors
might be available in real-world settings and what type of pseudo-data injections should be applied to
reflect those priors?

3 Direct pseudo-data injection

In this section we discuss two different priors that may be available to a practitioner, how those priors
can be operationalized as pseudo-data injections to induce coverage, and we provide theoretical regret
analysis for each type of pseudo-data injection introduced.

3.1 Pseudo-data injection given prior belief on data

First we discuss the general case where a practitioner holds a prior belief on the data generating
distribution P . We refer to the prior distribution as Q. Consider a driver who must make a decision
regarding a certain route that is not properly covered in the decision maker’s experiential dataset D.
That driver might draw on a prior belief that the route in question has high cost given some context X .
For instance, the driver might believe that the route under consideration is expensive during rush hour.
In this way the decision maker is implicitly drawing from some prior distribution for information not
covered in the dataset, injecting that pseudo-data into their dataset, and as a result inducing coverage
on the augmented dataset. The same process can be replicated algorithmically by drawing data from
a prior distribution Q to create an augmented dataset which satisfies coverage and produces new
estimated nuisance functions. Note that the prior distribution can have Q(z ∈ Z|X,C) < 1 almost
surely on X . For, example one might wish to impose a prior on one road within a route, which need
not correspond to a feasible action. A natural question arises in this setting: how is decision quality
effected by the choice of prior distribution? To answer this question we first introduce a standard
assumption in the CLO bandit literature.

Assumption 3.1 (Margin). Let π0 be the optimal policy induced by f0(x) and define γ(X) =
minz ̸=π0(X)(f0(X)⊤z − f0(X)⊤π0(X)). Assume that there exists a C > 0 and α ≥ 0 such that

ProbP (γ(X) ≤ t) ≤ Ctα.

The margin assumption can be interpreted as controlling the gap between the first and second
best solutions, with large α meaning that the sub-optimality gap tends to be large across contexts. Hu
et al. show that assumption 3.1 holds with α = 1 for sufficiently well-behaved f0 and continuous X .
Moreover, any CLO instance trivially satisfies this assumption with α = 0 [8, Lemma 4,5]

Theorem 3.2. Let C and α be the constants from assumption 3.1. Assume D ∼ P⊗n, where P
satisfies ignorability and is the data generating distribution under logging policy πlog. Assume
that Dpd ∼ Q⊗m such that P̃ = (1 − η)P + ηQ satisfies coverage for η = m/(n + m) and
that marginals PX = QX . Let f̃ be a solution of (3) over D̃ = D + Dpd and π̃ be the induced
policy. Assume that EP [∥f̃∗(X)− f̃(X)∥22] ≤ RateF (n,m, δ) with probability at least 1− δ where
f̃∗ ∈ argminf∈FN EP̃ [(C − Z⊤f(X))2]. Then with probability at least 1− δ we have

Reg(π̃) ≤ 2BK
1
2

(
RateFN (n,m, δ)

1
2︸ ︷︷ ︸

Estimation Error

+
η

λ+
min(Σ̃)

EQ

[
∥Z(C − Z⊤f0(X))∥22

] 1
2

︸ ︷︷ ︸
Pseudo-Data Bias

) 3α+2
4(α+1)

(6)
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where K = (1+α)(C(2B)α

αα )
1

α+1 , Σ̃(X) = EP̃ [ZZ⊤|X], λ+
min is the function returning the smallest

positive eigen value and λ+
min(Σ̃) = ess infx λ

+
min(Σ̃(x)).

Theorem 3.2 decomposes regret into an estimation term and a pseudo-data bias term. The
estimation error captures the finite sample error of the regression estimator. These rates are generally
well studied, vary depending on the hypothesis class FN , and typically goes to 0 as n,m → ∞
[9]. We instead focus our attention on the second term which quantifies the bias of the pseudo-data.
Specifically, the bias of the pseudo-data injection is measured as the extent to which the pseudo-data
distribution Q violates the ignorability condition E[C|Z,X] = Z⊤f0(X) which is satisfied under
the original bandit data-generating distribution P from which D is drawn. The bound answers the
motivating question for theorem 3.2 - how the quality of data injection impacts decision quality.
Theorem 3.2 tells us that quality, as measured through ignorability violations, of the injected data
directly impacts decision quality. In fact, when P satisfies ignorability and Q = P , then the bias term
vanishes. This extreme case is intuitive since if we can draw an unlimited amount of data from the
true distribution then regret should shrink. The intuition that regret shrinks when Q is similar to P is
captured by corollary A.1, where the pseudo-data bias term is written in terms of the 1-Wasserstein
distance which furnishes an intuitive but weaker bound. The bound also incorporates the degree to
which coverage has been induced. For example, if there are still decision-relevant events for certain
contexts with low probability after the pseudo-data injection then (λ+

min(Σ̃))
−1 can become very

large causing the second term to dominate the rate.
Remark 3.3 (Lambda Regularization Specialization). Interestingly, lambda regularization can be
viewed as a special case of theorem 3.2 where Q is chosen such that QX = PX , Q(C = 0|X,Z) = 1

almost surely, and Q(Z|X,C) ∼ Uniform(
√
λe1, . . . ,

√
λed) where ei are standard basis vectors of

Rd. In this setting the psuedo-data bias reduces to the constant
√
dEP [∥f0(X)∥22]1/2; see appendix

A.6.

3.2 Pseudo-data injection given prior belief on logging policy

It may be unreasonable to assume that a practitioner holds a prior belief on the entire data generation
process. Suppose instead that they hold a prior belief only on the quality of the historical logging
policy. This belief can itself be used to construct a prior Q, yielding a special case of section 3.1. To
describe the quality of a historical logging policy, we introduce the concept of rationality.

Definition 3.4 (Rationality). Let ∆(X) = maxz∈Z f0(X)⊤z − minz∈Z f0(X)⊤z. A policy π is
considered Rπ- rational if

Rπ = 1− E[f0(X)⊤π(X)−minz∈Z f0(X)⊤z]

E[∆(X)]
.

A prior belief on logging policy rationality Rπlog
can help a decision maker choose how to induce

coverage through data injection. For instance, if Rπlog
= 0 then the logging policy selects the worst

action for any context almost surely. In this case, the decision maker may want to draw from a prior
Q that assigns low cost to to unexplored directions in the action space. This choice incentivizes the
exploration of unexplored actions. On the other hand, if Rπlog

= 1 then the logging policy is the
optimal policy for any context almost surely. In this case, the decision maker may want to draw
from a prior Q that assigns high cost to to unexplored directions in the action space, to discourage
exploration. Two natural questions arise; given a prior belief on the rationality of the logging policy,
what specific data should be injected and what is the decision quality of the post-injection policy?

Theorem 3.5. Given all assumptions in theorem 3.2 and terms defined in definition 3.4, suppose Q is
chosen such that for all (x, z, c) ∼ Q we have that c = M and ∥z∥2 ≤ B. Then with probability at
least 1− δ we have that

Reg(π̃) ≤ 2BK1/2

(
RateFN (n,m, δ)1/2 +

ηB

λ+
min(Σ̃)

EQ[(M − Z⊤f0(X))2]1/2

) 3α+2
4(α+1)

.

Moreover there exists a selection of Q with support almost entirely composed of directions of Z not
covered in P where ηQ+ (1− η)P satisfies coverage, such that the regret bound is minimized by
choosing

M∗ = EP [Rπlog
max
z∈Z

f0(X)⊤z + (1−Rπlog
)min
z∈Z

f0(X)⊤z]

6



Theorem 3.5 reinforces the intuition described earlier. Specifically, if given the choice of
augmenting dataset where costs are constant, the constant should be chosen as a function of the
rationality of the logging policy. For example if Rπlog

= 0 then the constant cost should be chosen as
the expected minimum cost to incentivize exploration. Alternatively, if Rπlog

= 1 then the constant
cost should be chosen as the maximum expected cost to incentivize exploitation of actions already
“found" by the logging policy. We note that this intuition holds formally under specific selections
of Q. The proof of 3.5 constructs this Q by first placing uniform probability mass on uncovered
directions of span(Z), then adding a correction term.

4 Experiments

We’ve discussed strategies to induce coverage in settings where the practitioner has some prior belief
on the available data or about the rationality of the logging policy. We now test the performance of
our proposed coverage induction methods with a focus on (1) how pseudo-data injection impacts
performance when prior beliefs vary in quality and (2) in what settings our proposed coverage repair
methods outperform lambda regularization. The overall experimental setup will dictate where we
need to inject data to repair coverage, and the specific experiments will dictate what data we inject.

4.1 Experimental setup

We run out experiments in a simulated stochastic shortest path problem in accordance with [7, 9]. The
task is to travel from a source node s to a sink node t on a 5 by 5 grid, resulting in a setup with d = 40
edges and 70 feasible paths, so Z ⊂ {0, 1}40 and has cardinality 70. We consider 3-dimensional
contexts X and a linear underlying cost function f0(x) = E[Y |X = x]; further implementation
details are in Appendix B.1. Differing from previous work, expected arc costs are in part dependent
on their position in the grid, such that arcs with lower index are generally cheaper to traverse than
arcs with higher index - this ensures that historical policies that adhere to different rationalities will
systematically avoid different regions of the grid. Historical logging policies πlog are generated
according to a rationality parameter r ∈ [0, 1]. For each historical context Xi, the policy selects
the path whose total cost is the closest to rminz∈Z Y ⊤

i z + (1 − r)maxz∈Z Y ⊤
i z. By doing this,

we obtain policies where Rπlog
≈ r. This results in each historical dataset Dr = {(Xi, Zi, Ci)}ni=1

having a lack of coverage; the details of how coverage is repaired depend on the experiment in
question.

Once coverage is repaired, we proceed as in [9] to learn nuisance functions, compute the score
function θ(x, z, c; f,Σ) according to the Doubly Robust Method, and optimize the resulting CLO
problem. Throughout, we use the K-fold cross-fitting procedure in [5] with K=2. The components of
the pipeline not directly related to bandit feedback are implemented using the PyEPO package [23],
and we use the Perturbation Gradient Central (PGC) surrogate loss derived by [11]. Doubly robust
θ and PGC are chosen due to their high performance in [9]. In each case we compute the regret as
defined in equation 2, normalized by the expected cost of the optimal policy (normalized regret). For
all experiments, reported values are averaged over 50 independent replications of the underlying data
generation process. Specifically, the 50 datasets used are the same across the different experiments
described below.

Experiment 1 - injecting rationality-based constant values The first experiment investigates
how different historical policies are affected by injecting constant-valued pseudo-data, in accordance
with section 3.2. While the proof of theorem 3.5 adds correction terms, injecting data using only
the uniform component of Q is a heuristic that is easily implementable by practitioners, and would
only require an assumption on historical rationality. Recall that for each instance in the experimental
setup, we are provided a historical dataset Dr that lacks coverage according to a specified rationality
r. Under bandit feedback, we cannot determine if we have access to the true minimum and maximum
path and arc costs in the historical data. Thus, for each dataset we suggest the following bounds: the
lower bound l = 0, and the upper bound u = maxi∈[1,...,n] Ci.2 Given a parameter v ∈ [0, 1], we
repair coverage as follows: for each arc that does not appear in any path taken in the historical data, 50
new observations are injected into the dataset. For each observation, x is sampled randomly from the

2Even larger upper bounds could be imposed if necessary, but for our purposes we predict that no single arc will ever have
a cost higher than the highest total path cost observed.
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observed contexts in Dr, z is the one-hot vector encoding the relevant arc, and c = (1− v)l + vu =
vmaxi∈[1,...,n] Ci. Injecting these observations suffices to restore coverage, after which we can
continue the bandit CLO pipeline.

Experiment 2 - injecting from prior distribution The second experiment investigates the effect of
injecting data from a believed prior distribution Q as a function of the “quality” of Q, in accordance
with section 3.1. Given a dataset Dr, we additionally create a synthetic prior Q with a quality
parameter γ ∈ [−1, 1]. Q behaves as follows: whenever Q is queried with some x and z, Q returns
the following cost:

q(x, z; γ) = ξ + γ(f0(x)
⊤z − ξ)

where ξ = E[Y ⊤Z] is the expected path cost over all contexts and paths in the ground truth
distribution. γ can thus be interpreted as follows: γ = 1 corresponds to the case where Q is an
expert oracle for the underlying distribution, γ = 0 corresponds to the case where Q is a distribution
with constant cost everywhere, and γ = −1 is an “adversarial” expert that mirrors all costs across ξ.
Given D and Qγ , we repair coverage as follows: for each feasible path that does not appear in the
historical data, 50 new observations are injected into the dataset. For each observation corresponding
to path z, x is sampled randomly from the observed contexts in Dr, and c = q(x, z; γ). Injecting
these observations suffices to restore coverage, after which we can continue the bandit CLO pipeline.

Baseline - regularization As a comparative baseline, for each Dr we additionally learn a regular-
ized policy where no pseudo-data is injected, and Σ̃(x) = Σ̂(x) + I .11

Remark 4.1 (Feasibility of injected data). Note that in the first experiment we inject pseudo-data
corresponding to specific arcs, while in the second experiment we inject pseudo-data corresponding
to specific paths. In principle, either experiment could be run with either type of data injection -
depending on the problem domain, practitioners may only have priors on arcs or paths but not both.
Additionally, in domains such as the shortest path problem the combinatorial nature of the search
space may lead to the number of unexplored paths far exceeding the number of unexplored arcs,
leading to an explosion in pseudo-dataset size. We run our experiments as described to demonstrate
that both approaches are possible.

4.2 Results

Results are shown in figure 1. When injecting constant values, we find that choosing v closer to 0
yields lower regret when rationality is low and vice versa, which aligns with theorem (3.5). When
injecting from a prior distribution, we find that distributions that are more aligned with the ground
truth yield lower regret, which aligns with (3.2). However, a strictly optimal historical policy leads
to the lowest regret regardless of the quality of the prior distribution. We suspect that injecting data
from "poor" distributions in this case may actually be widening the gap between the observed optimal
routes and the second best routes which makes it easier to learn a near optimal policy and corresponds
with decreasing the constant K and α in equation (6).

To compare against the lambda regularization baseline with λ = 1, we use the instances from
experiment 1 where v = r (i.e the optimal choice recommended by theorem 3.5) and the instances
from experiment 2 where γ = 0.6. These correspond to instances where a practitioner is either
injecting a reasonable constant given historical rationality, or injecting from a reasonably aligned
prior distribution. In both cases, we find that the regularization baseline yields lower regret when
rationality is low, and higher regret when rationality is high. This aligns with our intuitions that
regularization encourages exploration, but that regimes of high rationality have useful structure in
their historical decisions that is not exploited by regularization. Additionally we observe that for
rationality approximately greater than 0.5, both injections from experiment 1 and 2 outperform
regularization. This indicates that our proposed methods are attractive coverage repair schemes, when
a practitioner believes their historical logging policy was at least better than a random policy. Indeed,
we expect this to be the case in settings where historical decision makers have incentives to make
“good" decisions (i.e., historical drivers are likely motivated to take fast routes). Full tables of results
and some tangential discussions can be found in appendix B.2-B.3.
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4.3 Real data experiments

(a) Injecting constant values.

(b) Injecting from prior distribution.

(c) Regret of policies obtained via regulariza-
tion, constant imputation (v = r) and distri-
bution imputation (γ = 0.6).

Figure 1: Regret of policies obtained via
the described data injection and regular-
ization procedures.

Figure 2: (Uber Movement) Regret of
policies obtained via regularization, con-
stant imputation (v = r) and distribution
imputation (γ = 0.6).

We also evaluate our methods on the real-world dataset
from Uber Movement used in [9]. The dataset focuses
on census tracts in downtown Los Angeles, and has 197-
dimensional contexts. The road network has 93 arcs, and
a total of 5902 feasible paths. Details regarding these
experiments can be found in B.4 - in particular, when in-
jecting from a prior distribution, we sample from the set
of unexplored paths rather than injecting observations for
all unexplored paths, to avoid the combinatorial blowup
discussed in remark 4.1. When computing the normalized
regrets of the learned policies, we see similar trends to the
synthetic experiments. In particular, figure 2 indicates that
our methods still outperform the regularization baseline
when historical rationality is greater than 0.5, even when
we can only inject constant values. In general, this indi-
cates that our method produces better policies than those
from regularization as long as historical decision makers
were reasonably rational, even when no other information
about the system is known. Full tables of results can be
found in appendix B.5.

5 Discussion & limitations

This paper studies the problem of inducing coverage in
the CLO with bandit feedback setting. We propose two
forms of pseudo-data injections aimed at repairing cover-
age using priors on the bandit data distribution or histor-
ical logging policy, and provide theoretical analysis for
the regret of the post-injection policies. We acknowledge
that our proposed methods have a few limitations. First,
the methods are designed for practitioners with access
to informative priors, which may not always be the case.
Our work is directed toward cases where priors can be
retrieved that are distinct from the historical data. Second,
we acknowledge that constructing a dataset that injects
feasible actions only on the uncovered regions of Z may
be computationally difficult when Z is combinatorial. Our
framework addresses this difficulty by allowing the in-
jection of pseudo-actions outside of Z , which can make
coverage repair computationally easier at cost of reduced
interpretability of the injected pseudo-actions in some
cases. Third, prior-based pseudo-data injections may raise
fairness concerns in sensitive domains such as healthcare
or finance. If a practitioner’s prior beliefs are biased, then
pseudo-data injections based on those priors may reinforce
historical inequalities. Fourth, pseudo-data injection based
on poorly chosen priors may result in datasets that violate
ignorability. While this does not pose any computational
issues it does create systemic bias in the dataset that de-
grades regret. Note that we quantify and bound the bias
within the presented regret bounds. Some interesting di-
rections for future work not covered in this text include:
more complex or domain-informed priors, active learn-
ing to inform the collection of coverage repair data, and
investigating the bias-variance tradeoff as the number of
injected data points increases.
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Appendix

A Proofs

A.1 Proof of proposition 2.2

Proof. We proceed by first showing that the maximum-posterior estimator of f given the specified
point wise prior and likelihood is equivariant to data injection then solving (3). The equivalence of
solutions to (5) follows.

By Bayes’ rule, Prob(f | D) ∝ Prob(D | f) Prob(f). Therefore the maximum a posteriori
estimator satisfies

f̂ ∈ arg max
f∈FN

Prob(f | D) = arg min
f∈FN

{
− log Prob(D | f)− log Prob(f)

}
.

Under the likelihood assumption we have

Prob(D | f) =
n∏

i=1

1√
2πσ2

exp

(
− (Ci − Z⊤

i f(Xi))
2

2σ2

)
.

Therefore

− log Prob(D | f) = −
n∑

i=1

log

[
1√
2πσ2

exp

(
− (Ci − Z⊤

i f(Xi))
2

2σ2

)]

=

n∑
i=1

(Ci − Z⊤
i f(Xi))

2

2σ2
+

n

2
log(2πσ2).

Similarly, under the prior assumption the negative log-prior is, up to an additive constant independent
of f ,

− log Prob(f) =
1

2

n∑
i=1

(f(Xi)− µ(Xi))
⊤Λ(Xi)(f(Xi)− µ(Xi)).

Combining the two terms, dropping additive constants, and multiplying through by 2σ2 gives

f̂ = arg min
f∈FN

{
n∑

i=1

(Ci − Z⊤
i f(Xi))

2 + σ2
n∑

i=1

(f(Xi)− µ(Xi))
⊤Λ(Xi)(f(Xi)− µ(Xi))

}
.

Now fix x and write β = f(x), µ = µ(x), and Λ = Λ(x). Then the point wise objective becomes

∥Zβ − C∥22 + σ2(β − µ)⊤Λ(β − µ).

Since Λ(Xi) is positive semi-definite it admits a decomposition L(Xi)
⊤L(Xi) = Λ(Xi) for all Xi,

where Li ∈ Rmi×d; then

σ2(β − µ)⊤Λ(β − µ) = σ2(β − µ)⊤L⊤L(β − µ) = ∥σLβ − σLµ∥22.

Therefore f̂ satisfies

f̂ ∈ argmin
f∈F

n∑
i=1

[
(Ci − Z⊤

i f(Xi))
2 + σ2(f(Xi)− µ(Xi))

⊤Λ(f(Xi)− µ(Xi))
]

∈ argmin
f∈F

n∑
i=1

(Ci − Z⊤
i f(Xi))

2 +

n∑
i=1

mi∑
k=1

(σLk(Xi)
⊤µ(Xi)− σLk(Xi)

⊤f(Xi))
2

This shows that the maximum posterior estimator is equivalent to solving problem (3) over data
D̃ = D+

∑n
i=1

∑mi

k=1{(Xi, σLk(Xi), σLk(Xi)µ(Xi)}), where Lj(x) denotes the jth row of L(x).

We’ve established that if f̂ ∈ argmaxf∈FN Prob(f |D) then f̂ is a solution to (3) over D̃. We
also assume that Σ̂ is the same across both methods of solving (5); using MAP on D or MSE on
D̃. Then θ(x, z, c; f̂ , Σ̂) are equivariant across both solution methods. Consequently both solution
methods yield the same π̂ of (5).
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A.2 Proof of proposition 2.1

Proof. Fix a constant x that appears in data D. Let Ix = {(Xi, Zi, Ci) ∈ D : x = Xi} and
nx = |Ix|. Let f̂λ(x) = βx. Then the ridge regression problem is

min
βx∈Rd

1

nx

∑
(x,Zi,Ci)∈Ix

(Ci − Z⊤
i βx)

2 + λ∥βx∥.

Note that the problem furnishes some optimal β∗
x that satisfies

0 = − 2

nx

∑
i∈Ix

Zi(Ci − Z⊤
i β∗

x) + 2λβ∗
x

0 =
1

nx

∑
i∈Ix

Zi(Ci − Z⊤
i β∗

x)− λβ∗
x(

1

nx

∑
i∈Ix

ZiZ
⊤
i + λI

)
β∗
x =

1

nx

∑
i∈Ix

ZiCi

β∗
x =

(
1

nx

∑
i∈Ix

ZiZ
⊤
i + λI

)−1(
1

nx

∑
i∈Ix

ZiCi

)
β∗
x = (Σ̂(x) + λI)−1m̂(x),

where Σ̂(x) is the nuisance function computed using empirical frequency based propensity scores
and m̂(x) is the finite data approximation of E[ZC|X = x]. Then for any fixed context x,

1

nx

∑
i∈Ix

θIS(x, Zi, Ci; Σ̂ + λI) = (Σ̂(x) + λI)−1

(
1

nx

∑
i∈Ix

ZiCi

)
= (Σ̂(x) + λI)−1m̂(x)

= f̂λ(x)

=
1

nx

∑
i∈Ix

θDM(x, Zi, Ci; f̂λ).

The empirical average of the inverse-score-style estimator agrees exactly with the direct ridge
estimator at each observed context x. Therefore solving problem (5) is equivalent for both choices of
θ. Note that ridge regression is a special case of using point-wise priors defined in proposition 2.2
where Λ(x) = I , µ(x) = 0, and σ =

√
λ. Therefore using ridge regression is equivalent to injecting

data
∑n

i=1{(Xi,
√
λek, 0)}dk=1.

A.3 Proof of theorem 3.2

Proof. Let π0 be the policy induced by f true
0 (x) = E(X,Y )[Y |X = x]. Regret of policy π̃ is defined

as
Reg(π̃) = EP [f

true
0 (X)⊤π̃(X)− f true

0 (X)⊤π0(X)].

Recall Q is chosen such that P̃ satisfies coverage on the support S where span(Z) ⊆ span(S) ⊆
Rd. Consider the projection of f0(x) on to the span(Z). The resulting function yields the same
policy π0(x) = minz∈Z z⊤ΠZf

true
0 (x), where ΠA is the projection operator onto a set A. Without

loss of generality we assume that f0(x) = ΠZf
true
0 (x). Regret can then be identically written as

Reg(π̃) = EP [f0(X)⊤π̃(X)− f0(X)⊤π0(X)].

Define the random variable A(X) = I{π̃(X) ̸= π0(X)} where I{E} is 1 if the event E takes
place 0 otherwise. If A(x) = 0 then π̃(x) = π0(x) and f⊤

0 (X)π̃(X) − f0(X)⊤π0(X) = 0 so we
can equivalently write regret as

Reg(π̃) = EP

[
A(X) · [f⊤

0 (X)π̃(X)− f0(X)⊤π0(X)]
]
.
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The function f̃ is found by solve (3) over data of size n+m drawn from ηP +(1−η)Q. Note that
for any minimizer of (3), ΠS f̃(x) is also a minimizer. We use the convention that the minimizer f̃
selected from the set of minimizers lies in S for all dataset sizes including the case where n,m → ∞.
Adding as subtracting A(X)f̃(X)⊤π̃(X) yields

Reg(π̃) = EP

[
A(X) · (f0(X)− f̃(X))⊤π̃(X)

]
+ EP

[
A(X) · [f̃⊤(X)π̃(X)− f0(X)⊤π0(X)]

]
.

Adding and subtracting A(X)f̃(X)π0(X) yields

Reg(π̃) = EP

[
A(X) · (f0(X)− f̃(X))⊤π̃(X)

]
+

EP

[
A(X) · [f̃⊤(X)π̃(X)− f̃(X)⊤π0(X)]

]
+

+EP

[
A(X) · (f̃(X)− f0(X))⊤π0(X)]

]
.

Since π̃ is the policy induced by f̃ , we have that f̃(X)⊤z ≥ f̃(X)π̃(X) almost surely so the middle
term is ≤ 0 almost surely and we get

Reg(π̃) ≤ EP

[
A(X) · (f0(X)− f̃(X))⊤π̃(X)

]
+ EP

[
A(X) · (f̃(X)− f0(X))⊤π0(X)]

]
.

Applying Cauchy Schwartz twice yields

Reg(π̃) ≤ EP

[
A(X) · (f0(X)− f̃(X))⊤π̃(X)

]
+ EP

[
A(X) · (f̃(X)− f0(X))⊤π0(X)]

]
= EP

[
A(X) · (f0(X)− f̃(X))⊤(π̃(X)− π0(X))

]
≤ EP

[
|A(X)| · |(f0(X)− f̃(X))⊤(π̃(X)− π0(X))|

]
≤ EP

[
|A(X)| · ∥(f0(X)− f̃(X))∥2∥(π̃(X)− π0(X))∥2

]
.

Recall that supz∈Z ∥z∥2 ≤ B and applying Cauchy Schwartz over the expectation yields

Reg(π̃) ≤ 2BEP [A(X)]1/2 · EP [∥f0(X)− f̃(X)∥22]1/2 (7)

Next we bound EP [A(X)] = ProbP (π̃(X) ̸= π0(X)). Note that π̃(X) ̸= π0(X) then

f̃(X)π̃(X)− f̃(X)π0(X) < 0

since the event occurs if an action appears better under f̃ then under f0. Also note that

f0(X)⊤π̃(X)− f0(X)⊤π0(X) ≥ γ(X),

where
γ(X) = min

z ̸=π0(X)
(f0(X)⊤z − f0(X)⊤π0(X)).

Subtracting the two previous inequalities yields

A(X) = 1 =⇒ (f0(X)− f̃(X))⊤(π̃(X)− π0(X)) ≥ γ(X).

Applying Cauchy Schwartz and the bound on ∥z∥2 ≤ B yields

ProbP (A(X) = 1) ≤ ProbP

(
∥f̃(X)− f0(X)∥2 ≥ γ(X)

2B

)
.

We can further bound this probability so that for any t > 0,

ProbP (A(X) = 1) ≤ ProbP (γ(X) ≤ t) + ProbP

(
∥f̃(X)− f0(X)∥2 ≥ t

2B

)
.

Applying the margin assumption 3.1 on the left term and Markov’s inequality on the right term yields

ProbP (A(X) = 1) ≤ Ctα +
2B

t
EP [∥f̃(X)− f0(X)∥2].
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Since the bound holds for all t > 0 we can minimize t to retrieve the tightest bound. To that end,
define ϕ(t) = Ctα + 2B

t E and E = EP [∥f̃(X)− f0(X)∥2]. Using the first order condition yields

ϕ′(t) = αCtα−1 − 2BE

t2
= 0 =⇒ t∗ =

(
2BE

αC

)1/(α+1)

Plugging t∗ back in to the probability bound yields

ProbP (A(X) = 1) ≤ KEP [∥f̃(X)− f0(X)∥2]α/(α+1), K = (1 + α)
(C(2B)α

αα

)1/(α+1)

Plugging the probability bound back into equation (7) gives

Reg(π̃) ≤ K1/2EP [∥f̃(X)− f0(X)∥2]
α

2(α+1)EP [∥f0(X)− f̃(X)∥22]1/2.

Using Jensens inequality yields

Reg(π̃) ≤ 2BK1/2EP [∥f̃(X)− f0(X)∥22]
α

4(α+1)EP [∥f0(X)− f̃(X)∥22]1/2

= 2BK1/2EP [∥f0(X)− f̃(X)∥22]
3α+2

4(α+1) .
(8)

Next we bound EP [∥f̃(X)− f0(X)∥22]. First note that if the marginal distribution of X under P ,
Q, and P̃ are identical by assumption, then we can write EP [∥f̃(X) − f0(X)∥22] = EP̃ [∥f̃(X) −
f0(X)∥22]. Let f̃∗ be the population estimator, i.e. f̃∗ ∈ argminf∈FN EP̃ [(C −Z⊤f(X))2]. Recall,
we can assume that f̃∗(x) lies in S without loss of generality. Now consider the event

Eδ =
{
D̃
∣∣∣ EP̃ [∥f̃

∗(X)− f̃(X)∥22] ≤ RateFN (n,m, δ)
}
,

where RateFN is defined such that Prob(Eδ) ≥ 1− δ. Adding and subtracting f̃∗ and applying the
triangle inequality yields

EP̃ [∥f̃(X)− f0(X)∥22]1/2 ≤ EP̃ [∥f̃(X)− f̃∗(X)∥22]1/2 + EP̃ [∥f̃
∗(X)− f0(X)∥22]1/2

≤ RateFN (n,m, δ)1/2 + EP̃ [∥f̃
∗(X)− f0(X)∥22]1/2

with probability at least 1− δ. To bound EP̃ [∥f̃∗(X)− f0(X)∥22] define

µ̃(x) = (1− η)EP [ZC | X = x] + ηEQ[ZC | X = x],

Σ̃(x) = (1− η)EP [ZZ⊤ | X = x] + ηEQ[ZZ⊤ | X = x].

Since P satisfies ignorability we know that

µ0(x) = EP [ZC | X = x] = EP [ZZ⊤ | X = x]f0(x) = Σ0(x)f0(x).

Because f̃∗ is the population least squares minimizer under P̃ , it satisfies

0 = ∇fEP̃ [(C − Z⊤f∗
pd(x))

2 | X = x]

0 = −2EP̃ [Z(C − Z⊤f∗
pd(x)) | X = x]

EP̃ [ZC | X = x] = EP̃ [ZZ⊤f∗
pd(x) | X = x]

µ̃(x) = Σ̃(x)f∗
pd(x).

Combining this result with the definition of Σ̃ yields

(1− η)Σ0(x)f0(x) + ηEQ[ZC | X = x] =
(
(1− η)Σ0(x) + ηEQ[ZZ⊤ | X = x]

)
f̃∗(x).

Now define ϵ(x) = EQ[Z(C − Z⊤f0(x))|X = x]. Then

EQ[ZC | X = x] = EQ[ZZ⊤ | X = x]f0(x) + ϵ(x),
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so

(1− η)Σ0(x)f0(x) + η
(
EQ[ZZ⊤ | X = x]f0(x) + ϵ(x)

)
=
(
(1− η)Σ0(x) + ηEQ[ZZ⊤ | X = x]

)
f̃∗(x).

Rearranging gives
Σ̃(x)

(
f̃∗(x)− f0(x)

)
= η ϵ(x).

Recall that f̃∗(x), f0(x) ∈ span(S) and Σ̃(x) is invertible on the span of S since Σ̃(x) =

EP̃ [ZZ⊤|X = x]. Consequently, f̃∗(x)− f0(x) ∈ span(S) and

f̃∗(x)− f0(x) = ηΣ̃(x)†ϵ(x),

where † denotes the Moore-Penrose inverse. Take the norm of both sides, applying Cauchy Schwartz
and squaring yields

∥f̃∗(x)− f0(x)∥22 ≤ η2∥Σ̃(x)†∥22∥ϵ(x)∥22 ≤ η2

λ+
min(Σ̃(x))

2
∥ϵ(x)∥22.

Taking the expectation with respect to P̃ yields

EP̃ ∥f̃
∗(X)− f0(X)∥22] ≤ η2EQ

[
∥ϵ(X)∥22]

λ+
min(Σ̃(X))2

]
since EP̃ [EQ[·|X = x]] = EQ[·] due to the equivalence of X marginals. Plugging this bound back
into equation (8) gives

Reg(π̃) ≤ 2BK1/2

(
RateFN (n,m, δ)1/2 +

(
η2EQ

[
∥ϵ(X)∥22]

λ+
min(Σ̃(X))2

])1/2) 3α+2
4(α+1)

.

Let λ+
min(Σ̃) = ess infx λ

+
minΣ̃(x) which is > 0 since Σ̃(X) satisfies coverage and is as a result

invertable over the span of Z and has at least one positive eigen value. The bound can then be
rewritten as

Reg(π̃) ≤ 2BK1/2

(
RateFN (n,m, δ)1/2 +

η

λ+
min(Σ̃)

EQ

[
∥ϵ(X)∥22]

]1/2) 3α+2
4(α+1)

. (9)

The term EQ[∥ϵ(X)∥22] can be further simplifies using Jensens inequality we yields

EQ[∥ϵ(X)∥22] = EQ[∥EQ[Z(C − Z⊤f0(x))|X = x]∥22] ≤ EQ[∥Z(C − Z⊤f0(X))∥22].

Plugging this into the bound yields the result

Reg(π̃) ≤ 2BK1/2

(
RateFN (n,m, δ)1/2 +

η

λ+
min(Σ̃)

EQ

[
∥Z(C − Z⊤f0(X))∥22

]1/2) 3α+2
4(α+1)

.

A.4 Wasserstein corollary of theorem 3.2

Corollary A.1. Given all assumptions in theorem 3.2 and if h(z, c;x) = z(c− z⊤f0(x)) is Lipchitz
on z, c with constant L̄ almost surely then with probability at least 1− δ we have

Reg(π̃) ≤ 2BK1/2

(
RateFN (n,m, δ)1/2+

ηL̄

λ+
min(Σ̃)

EQ

[
W1

(
Q(Z,C|X), P (Z,C|X)

)]) 3α+2
4(α+1)

where W1 is the 1-Wasserstein distance.
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Proof. Since P satisfies ignorability, u⊤EP [Z(C − Z⊤f0(X))|X] = 0. So for each fixed x we can
write

u⊤EQ[Z(C − Z⊤f0(X))|X = x] = EQ[u
⊤h(z, c;x)|X = x]− EP [u

⊤h(z, c;x)|X = x], (10)

where u is fixed with ∥u∥2 = 1.

Recall that by assumption h is L̄ lipschitz and so u⊤h is still L̄ Lipschitz. So by Kantorovich–
Rubinstein duality [3], the 1-Wasserstein distance can be written as

W1(P,Q) = sup
h:|h(x)−h(y)|≤∥x−y∥2

(
EQ[u

⊤h(z, c;x)]− EP [u
⊤h(z, c;x)]

)
∀u : ∥u∥2 = 1.

Consequently, taking the supremum over h on the left hand side of equation (10) gives

u⊤EQ[Z(C − Z⊤f0(X))|X = x] ≤ L̄EQ

[
W1

(
Q(Z,C|X), P (Z,C|X)

)]
.

Take the supremum of the right hand side over all u such that ∥u∥2 = 1, then taking the expectation
with respect to Q yields the bound

∥EQ[Z(C − Z⊤f0(X))|X = x]∥2 ≤ L̄EQ

[
W1

(
Q(Z,C|X), P (Z,C|X)

)]
.

Squaring and taking the expectation with respect to Q yields

EQ

[
∥EQ[Z(C − Z⊤f0(X))|X = x]∥22

]
≤ L̄2EQ

[
W1

(
Q(Z,C|X), P (Z,C|X)

)]2
.

Plugging into equation (9) yields

Reg(π̃) ≤ 2BK1/2

(
RateFN (n,m, δ)1/2+

ηL̄

λ+
min(Σ̃)

EQ

[
W1

(
Q(Z,C|X), P (Z,C|X)

)]) 3α+2
4(α+1)

A.5 Proof of theorem 3.5

Proof. Assume that any action z such that Q(z|x, c) > 0 satisfies ∥z∥2 ≤ B. So (X,Z,C) ∼ Q
necessarily implies that

EQ

[
∥Z(M − Z⊤f0(X))∥22

]
= EQ[∥Z∥22(M − Z⊤f0(X))2] ≤ B2EQ[(M − Z⊤f0(X))2].

Minimizing the term with respect to M using first order conditions yields

2B2EQ[(M
∗ − Z⊤f0(X))] = 0 =⇒ M∗ = EQ[Z

⊤f0(X)].

Plugging M∗ back into equation (9) gives the presented regret bound.

Next we show that there exists a Q such that M∗ minimizes the right hand side of the regret
bound, which entails finding a Q such that EQ[Z

⊤f0(X)] = M∗ and ηQ + (1 − η)P satisfies
coverage. Consider, the set of directions v1(x), . . . , vs(x) ∈ span(Z) such that

span(Z) ⊆ span
(
supp(PZ|X=x) ∪ {v1(x), . . . , vs(x)}

)
, PX − a.s.

Define Qcov such that Qcov satisfies Qcov
X = PX and Qcov(Z = vk(X)|X) = 1/s for all k =

1, . . . , s. If EQcov [Z⊤f0(X)] = M∗ then set Q = Qcov and we’re done, since by construction
ηQcov + (1− η)P satisfies coverage for η > 0. Otherwise, choose ρ such that

ρ = sup

{
r ∈ [0, 1] :

M∗ − rµcov

1− r
∈
(
EP [min

z∈Z
f0(X)⊤z],EP [max

z∈Z
f0(X)⊤z]

)}
,

where µcov = EQcov [Z⊤f0(X)]. We define Tρ := (M∗ − ρµcov)/(1 − ρ). Also define Qmin and
Qmax such that Qmin(z ∈ minz∈Z f0(X)⊤z|X) = 1 and Qmin(z ∈ maxz∈Z f0(X)⊤z|X) = 1
almost surely on PX . Choose

pρ :=
Tρ − EP [minz∈Z f0(X)⊤z]

EP [maxz∈Z f0(X)⊤z −minz∈Z f0(X)⊤z]
∈ (0, 1).
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Define
Q = ρQcov + (1− ρ)(pρQ

max + (1− pρ)Q
min).

Then

EQ[Z
⊤f0(X)] = pµcov + (1− ρ)(pρEP [max

z∈Z
f0(X)⊤z] + (1− pρ)

EP [min
z∈Z

f0(X)⊤z]) = ρµcov + (1− ρ) = M∗.

So M∗ is the unique minimizer of the right hand side of the regret bound. Again we can conclude
that by construction Q gives positive probability mass to each vk(x) so the span of the support of
P̃Z|X is equal to the span of Z . Thus, (1− η)P + ηQ satisfies coverage.

A.6 Specialization of regret bound (6) to lambda regularization

Let C and α satisfy assumption 3.1 and P be the distribution induced by logging policy πlog that does
not satisfy coverage. Assume that we have a dataset D ∼ P⊗n. Recall by proposition 2.1 that ridge
regression corresponds to using an augmenting data set

∑n
i=1{(Xi,

√
λek, 0)}dk=1. This corresponds

to drawing pseudo-data from a distribution Q where QX = PX , Q(C = 0|X,Z) = 1 almost surely,
and Q(Z|X,C) ∼ Uniform(

√
λe1, . . . ,

√
λed) where ei are standard basis vectors of Rd. In this

setting η = nd/(n+nd) = d/(d+1) and Σ̃(x) = (1− η)ΣP +(ηλ/d)I so λ+
min(Σ̃) = ηλ/d. The

pseudo-data bias term of (6) then reduces to

η

λ+
min(Σ̃)

EQ

[
∥Z(C − Z⊤f0(X))∥22

] 1
2

=
d

λ
EQ

[
∥ZZ⊤f0(X)∥22

] 1
2

=
d

λ
·
√

λ2

d
EQ[∥f0(X)∥22]

1
2 =

√
dEQ[∥f0(X)∥22]

1
2

Note that because PX = QX the final form of the pseudo-data bias can be written as an
expectation over P .

B Additional experimental details

The following section provides additional implementation details for the experiments provided in
the paper. All experiments were implemented on a cloud computing platform with a mixture of the
following compute nodes:

• AMD EPYC 7513 CPU @ 2.60 GHz, 248 GB RAM

• AMD EPYC 7542 CPU @ 2.90 GHz, 248 GB RAM

• INTEL XEON Silver 4116 CPU @ 2.10 GHz, 185 GB RAM

• INTEL XEON Silver 4116 CPU @ 2.10 GHz, 89 GB RAM

B.1 Implementation details

Covariates X = (X1, X2, X3)
⊤ ∈ R3 are generated i.i.d. from independent standard normal

distribution. The full feedback vector Y ∈ R40 is simulated according to Y = f0 + ϵ, where
f∗(X) = a+W1X1 +W2X2 +W3X3 and ϵ is random noise drawn from the uniform distribution
U [−0.5, 0.5]. Each coefficient vector Wi ∈ R40 is generated with elements drawn independently
from Uniform[0, 1], and the bias vector a ∈ R40 has elements drawn from N (2 + i/10, 1). Notably,
the bias vector a has dependence on the arc index to encode geographical information into the graph
beyond the random draws of W : edge 0 has its bias drawn from N (2, 1), whereas edge 39 has its
bias drawn from N (5.9, 1). This is done so that, for example, an optimal historical logging policy
will generally avoid edges with high indices when possible, and an “anti-optimal” historical policy
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will generally avoid edges with low indices, giving us regions of coverage that meaningfully depend
on historical rationality.

We perform two nuisance estimations to compute the score function θ(x, z, c; f,Σ). Firstly, we
estimate f̂ via least squares regression, leaving the hypothesis space correctly specified (i.e., f̂ is
linear). To learn the conditional Gram matrix Σ̂, we use a logistic regression to estimate the propensity
scores ê(z|X) = P(Z = z|X) for each feasible x, then estimate Σ̂(X) =

∑m
j=1 zjz

⊤
j ê(zj |X). For

all experiments, 2000 historical datapoints are generated, with a train-test split of [0.75, 0.25]. Sizes
of injected datasets are specified in the relevant experiments.

B.2 Full synthetic results

Full tabular results from figure 1 are included in tables 1-3:

Table 1: Regret via injected constants. Mean regret (standard deviation) across runs, as a function of
rationality (columns) and value ratio v (rows). Lower regret indicates better performance.

Rationality

v 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1.0 0.58 (0.22) 0.45 (0.21) 0.40 (0.23) 0.36 (0.24) 0.36 (0.23) 0.40 (0.23) 0.38 (0.18) 0.38 (0.18) 0.30 (0.11) 0.23 (0.08) 0.09 (0.07)
0.9 0.57 (0.22) 0.44 (0.21) 0.39 (0.21) 0.34 (0.21) 0.35 (0.23) 0.39 (0.22) 0.39 (0.20) 0.39 (0.17) 0.32 (0.12) 0.23 (0.08) 0.09 (0.07)
0.8 0.56 (0.22) 0.43 (0.20) 0.38 (0.23) 0.34 (0.22) 0.34 (0.24) 0.39 (0.24) 0.40 (0.21) 0.40 (0.17) 0.33 (0.12) 0.24 (0.08) 0.11 (0.07)
0.7 0.54 (0.22) 0.42 (0.20) 0.37 (0.21) 0.33 (0.24) 0.35 (0.25) 0.39 (0.24) 0.40 (0.20) 0.40 (0.18) 0.34 (0.13) 0.25 (0.07) 0.11 (0.07)
0.6 0.53 (0.21) 0.40 (0.20) 0.35 (0.22) 0.33 (0.23) 0.34 (0.24) 0.40 (0.24) 0.40 (0.22) 0.41 (0.18) 0.35 (0.13) 0.26 (0.09) 0.12 (0.07)
0.5 0.51 (0.20) 0.39 (0.19) 0.34 (0.20) 0.31 (0.22) 0.33 (0.25) 0.40 (0.23) 0.42 (0.23) 0.42 (0.18) 0.36 (0.12) 0.27 (0.08) 0.13 (0.07)
0.4 0.50 (0.19) 0.38 (0.17) 0.34 (0.21) 0.30 (0.22) 0.33 (0.25) 0.41 (0.24) 0.42 (0.24) 0.42 (0.19) 0.36 (0.12) 0.30 (0.09) 0.14 (0.07)
0.3 0.50 (0.19) 0.37 (0.17) 0.33 (0.22) 0.30 (0.22) 0.34 (0.25) 0.40 (0.25) 0.45 (0.24) 0.43 (0.18) 0.37 (0.13) 0.30 (0.10) 0.16 (0.07)
0.2 0.50 (0.19) 0.38 (0.20) 0.32 (0.20) 0.30 (0.22) 0.34 (0.25) 0.41 (0.24) 0.44 (0.23) 0.42 (0.18) 0.38 (0.12) 0.32 (0.10) 0.17 (0.07)
0.1 0.49 (0.19) 0.36 (0.17) 0.31 (0.19) 0.28 (0.20) 0.32 (0.23) 0.41 (0.26) 0.47 (0.25) 0.48 (0.19) 0.44 (0.14) 0.37 (0.11) 0.21 (0.09)
0.0 0.48 (0.19) 0.35 (0.17) 0.29 (0.19) 0.26 (0.19) 0.30 (0.23) 0.41 (0.26) 0.49 (0.25) 0.49 (0.18) 0.45 (0.14) 0.38 (0.11) 0.21 (0.09)

Table 2: Regret via injection from prior distribution. Mean regret (standard deviation) across runs,
as a function of rationality (columns) and prior quality γ (rows). Lower regret indicates better
performance.

Rationality

γ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1.0 0.25 (0.09) 0.22 (0.08) 0.22 (0.08) 0.21 (0.11) 0.22 (0.11) 0.20 (0.09) 0.25 (0.13) 0.26 (0.13) 0.29 (0.11) 0.26 (0.11) 0.15 (0.08)
0.8 0.25 (0.12) 0.23 (0.08) 0.22 (0.10) 0.23 (0.13) 0.22 (0.10) 0.25 (0.14) 0.26 (0.15) 0.27 (0.14) 0.29 (0.13) 0.26 (0.10) 0.15 (0.09)
0.6 0.26 (0.09) 0.24 (0.09) 0.23 (0.08) 0.24 (0.15) 0.22 (0.14) 0.25 (0.16) 0.25 (0.14) 0.27 (0.16) 0.30 (0.12) 0.27 (0.11) 0.16 (0.07)
0.4 0.28 (0.10) 0.27 (0.10) 0.24 (0.12) 0.25 (0.13) 0.24 (0.14) 0.26 (0.14) 0.27 (0.14) 0.27 (0.13) 0.29 (0.13) 0.27 (0.12) 0.17 (0.08)
0.2 0.29 (0.11) 0.29 (0.14) 0.25 (0.10) 0.26 (0.14) 0.24 (0.12) 0.23 (0.14) 0.27 (0.15) 0.25 (0.15) 0.28 (0.13) 0.25 (0.10) 0.16 (0.08)
0.0 0.30 (0.14) 0.29 (0.11) 0.28 (0.12) 0.30 (0.14) 0.32 (0.18) 0.36 (0.12) 0.29 (0.16) 0.25 (0.15) 0.26 (0.13) 0.25 (0.15) 0.14 (0.06)
-0.2 0.33 (0.14) 0.35 (0.12) 0.34 (0.12) 0.37 (0.15) 0.41 (0.17) 0.48 (0.17) 0.41 (0.18) 0.29 (0.13) 0.28 (0.11) 0.26 (0.15) 0.15 (0.06)
-0.4 0.41 (0.14) 0.40 (0.12) 0.39 (0.13) 0.42 (0.16) 0.44 (0.18) 0.47 (0.17) 0.42 (0.17) 0.33 (0.14) 0.31 (0.12) 0.27 (0.15) 0.12 (0.04)
-0.6 0.43 (0.14) 0.42 (0.13) 0.41 (0.14) 0.43 (0.16) 0.45 (0.18) 0.48 (0.18) 0.43 (0.17) 0.35 (0.14) 0.32 (0.14) 0.27 (0.14) 0.12 (0.04)
-0.8 0.43 (0.15) 0.42 (0.13) 0.42 (0.14) 0.45 (0.18) 0.45 (0.19) 0.49 (0.18) 0.44 (0.17) 0.34 (0.15) 0.32 (0.13) 0.27 (0.13) 0.12 (0.04)
-1.0 0.44 (0.16) 0.41 (0.13) 0.42 (0.14) 0.45 (0.17) 0.47 (0.19) 0.49 (0.19) 0.45 (0.18) 0.38 (0.14) 0.34 (0.12) 0.26 (0.11) 0.12 (0.05)

Table 3: Regret via regularization. Mean regret (standard deviation) across runs, as a function of
rationality (columns). Lower regret indicates better performance.

Rationality

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.14 (0.06) 0.11 (0.05) 0.10 (0.05) 0.08 (0.04) 0.16 (0.13) 0.33 (0.21) 0.52 (0.19) 0.56 (0.15) 0.58 (0.13) 0.56 (0.13) 0.54 (0.14)

B.3 Regarding topology

Our discussion of the experimental results shown in figure 1 primarily focuses on vertical trends: for
a fixed r, how does regret vary across different settings of v or γ? We note here that when considering
horizontal trends, regret does not necessarily correlate with historical rationality. Of particular interest
is injecting from a misaligned distribution when r ≈ 0.5 - since paths with cost close to the mean
behave the same regardless of γ, the historical observations effectively provide no additional benefit,
whereas even a policy with r = 0 could at least learn some edges to avoid. In general, however, this
lack of correlation is likely due to the fact that the relation between historical rationality and historical
coverage is dependent on the underlying topology of the shortest path problem. In our setup, figure
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(a) r = 0 (b) r = 0.3

(c) r = 0.7 (d) r = 1

Figure 3: Historical exploration of policies according to different rationalities. Arc thickness
corresponds to empirical frequency of the arc in the observable data. The green node indicates the
source, and the red node indicates the sink.

3 shows how historical exploration is affected by rationality. Even though a historical policy with
r = 0.3 may have had high historical regret, it may have explored enough of the action space to make
good future decisions. More rigorously exploring the interplay between graph topology and policy
exploration is an interesting line of future work.

B.4 Real data experiments

We additionally test our methods on a dataset from Uber Movement (https://movement.uber.
com).3 The dataset focuses on census tracts in downtown Los Angeles, and has 197-dimensional
contexts. The road network has 93 arcs, and a total of 5902 feasible paths with span 37. The dataset
consists of 3640 data points across the years 2018-2019; in our experiments we take 900 of these
points as our training sample.

Historical datasets Dr are generated from rationalities r in the same fashion as the synthetic
experiments. Constant value pseudo-data injection also is implemented identically to the synthetic
case. When injecting data from prior distributions, it is now unreasonable to inject data for every
unexplored path, due to the combinatorial blowup mentioned in remark 4.1. Thus, we instead generate
one observation for each context in our historical data, where the path is sampled from the set of
unobserved paths (while ensuring that all arcs are eventually explored). We note that due to the
increased difficulty of learning policies on the real-world datasets compared to the synthetic datasets,

3The website is no longer actively maintained as of 11/2025. Data was acquired prior to shutdown.
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and since each experiment learns 112 policies, we only report results for 5 independent replications:
reported standard deviations are thus more variable than in the synthetic case.

B.5 Full Uber Movement results

Results for the real-world experiments are given in tables 4-6. Overall, we see similar trends to
those observed in the synthetic experiments. The main difference is that regularization baseline is no
longer the clear front-runner in low rationality regimes, as injection from prior distributions remains
competitive across several choices of γ.

Table 4: Regret via injected constants (Uber Movement). Mean regret (standard deviation) across
runs, as a function of rationality (columns) and value ratio v (rows). Lower regret indicates better
performance.

Rationality

v 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1.0 1.45 (0.07) 1.46 (0.04) 1.21 (0.24) 1.15 (0.08) 0.89 (0.15) 0.72 (0.10) 0.69 (0.19) 0.49 (0.12) 0.29 (0.11) 0.34 (0.25) 0.17 (0.04)
0.9 1.41 (0.07) 1.45 (0.09) 1.18 (0.23) 0.91 (0.21) 0.97 (0.19) 0.57 (0.11) 0.48 (0.13) 0.36 (0.11) 0.20 (0.03) 0.16 (0.11) 0.18 (0.03)
0.8 1.40 (0.11) 1.31 (0.07) 1.12 (0.22) 1.06 (0.18) 0.80 (0.09) 0.60 (0.11) 0.45 (0.09) 0.23 (0.08) 0.24 (0.07) 0.22 (0.07) 0.11 (0.05)
0.7 1.44 (0.06) 1.28 (0.13) 1.03 (0.15) 0.96 (0.26) 0.77 (0.18) 0.59 (0.16) 0.45 (0.07) 0.33 (0.06) 0.21 (0.07) 0.29 (0.23) 0.19 (0.04)
0.6 1.35 (0.09) 1.03 (0.27) 0.89 (0.18) 0.93 (0.20) 0.64 (0.36) 0.37 (0.17) 0.32 (0.16) 0.29 (0.05) 0.16 (0.07) 0.33 (0.26) 0.19 (0.02)
0.5 1.28 (0.11) 0.73 (0.08) 0.71 (0.10) 0.64 (0.14) 0.58 (0.14) 0.36 (0.15) 0.12 (0.14) 0.24 (0.12) 0.36 (0.15) 0.53 (0.27) 0.22 (0.04)
0.4 1.10 (0.09) 0.70 (0.11) 0.52 (0.12) 0.49 (0.16) 0.82 (0.46) 0.63 (0.18) 0.26 (0.10) 0.19 (0.11) 0.41 (0.18) 0.99 (0.13) 0.21 (0.04)
0.3 1.20 (0.09) 0.67 (0.10) 0.55 (0.12) 0.45 (0.18) 0.45 (0.09) 0.53 (0.07) 0.41 (0.08) 0.72 (0.22) 0.67 (0.26) 1.00 (0.08) 0.21 (0.02)
0.2 1.14 (0.04) 0.69 (0.09) 0.49 (0.12) 0.61 (0.18) 0.38 (0.42) 0.55 (0.37) 0.52 (0.22) 0.38 (0.37) 0.94 (0.07) 1.05 (0.13) 0.23 (0.03)
0.1 1.18 (0.08) 0.66 (0.15) 0.53 (0.21) 0.47 (0.18) 0.76 (0.28) 0.53 (0.19) 0.42 (0.08) 0.32 (0.10) 0.94 (0.12) 1.10 (0.11) 0.20 (0.04)
0.0 1.19 (0.08) 0.78 (0.07) 0.39 (0.12) 0.32 (0.07) 0.58 (0.37) 0.67 (0.08) 0.45 (0.05) 0.25 (0.13) 0.94 (0.14) 0.98 (0.10) 0.24 (0.02)

Table 5: Regret via injection from prior distribution (Uber Movement). Mean regret (standard
deviation) across runs, as a function of rationality (columns) and prior quality γ (rows). Lower regret
indicates better performance.

Rationality

γ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1.0 0.39 (0.16) 0.18 (0.06) 0.25 (0.04) 0.29 (0.06) 0.24 (0.06) 0.20 (0.10) 0.11 (0.05) 0.16 (0.05) 0.11 (0.04) 0.12 (0.02) 0.08 (0.11)
0.8 0.38 (0.13) 0.28 (0.04) 0.16 (0.03) 0.24 (0.08) 0.22 (0.03) 0.17 (0.09) 0.21 (0.04) 0.18 (0.05) 0.13 (0.02) 0.15 (0.01) 0.08 (0.10)
0.6 0.43 (0.19) 0.24 (0.04) 0.23 (0.04) 0.27 (0.04) 0.22 (0.02) 0.19 (0.06) 0.16 (0.06) 0.12 (0.04) 0.12 (0.05) 0.10 (0.04) 0.12 (0.12)
0.4 0.42 (0.16) 0.25 (0.04) 0.25 (0.02) 0.24 (0.06) 0.25 (0.05) 0.19 (0.03) 0.16 (0.06) 0.16 (0.04) 0.07 (0.03) 0.08 (0.04) 0.11 (0.10)
0.2 0.28 (0.08) 0.34 (0.05) 0.26 (0.09) 0.24 (0.01) 0.25 (0.06) 0.25 (0.06) 0.16 (0.05) 0.15 (0.07) 0.13 (0.04) 0.18 (0.12) 0.10 (0.11)
0.0 0.48 (0.26) 0.33 (0.15) 0.28 (0.09) 0.26 (0.04) 0.23 (0.09) 0.23 (0.06) 0.21 (0.02) 0.15 (0.07) 0.16 (0.03) 0.14 (0.06) 0.02 (0.02)
-0.2 0.45 (0.17) 0.32 (0.09) 0.26 (0.04) 0.23 (0.06) 0.29 (0.08) 0.23 (0.06) 0.22 (0.08) 0.22 (0.09) 0.15 (0.04) 0.24 (0.09) 0.06 (0.07)
-0.4 0.43 (0.16) 0.23 (0.06) 0.25 (0.05) 0.26 (0.02) 0.31 (0.10) 0.29 (0.08) 0.16 (0.03) 0.21 (0.04) 0.27 (0.02) 0.24 (0.08) 0.12 (0.12)
-0.6 0.38 (0.17) 0.28 (0.07) 0.27 (0.04) 0.26 (0.04) 0.37 (0.06) 0.26 (0.08) 0.19 (0.05) 0.30 (0.13) 0.33 (0.03) 0.26 (0.06) 0.15 (0.12)
-0.8 0.49 (0.20) 0.29 (0.10) 0.22 (0.04) 0.28 (0.04) 0.24 (0.12) 0.27 (0.11) 0.26 (0.10) 0.27 (0.10) 0.39 (0.08) 0.28 (0.05) 0.06 (0.03)
-1.0 0.23 (0.04) 0.22 (0.08) 0.29 (0.10) 0.29 (0.07) 0.31 (0.12) 0.29 (0.14) 0.33 (0.20) 0.36 (0.15) 0.52 (0.12) 0.41 (0.11) 0.13 (0.11)

Table 6: Regret via regularization (Uber Movement). Mean regret (standard deviation) across runs, as
a function of rationality (columns). Lower regret indicates better performance.

Rationality

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.27 (0.07) 0.22 (0.03) 0.26 (0.06) 0.25 (0.04) 0.25(0.04) 0.31 (0.08) 0.38 (0.27) 0.45 (0.24) 0.47 (0.29) 0.86 (0.28) 0.67 (0.12)
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C Additional Project Requirements

C.1 Code Access

https://github.com/ryanedmonds2000/End2End

C.2 Author Contribution Statement

R.E proposed the original research direction of inducing coverage through data injection. Both
authors jointly developed the proposed prior-based psuedo-data injection methods. J.S wrote section
1-3,5 and appendix A, and formalized/proved the analytical results contained in the paper. R.E wrote
section 4 and appendix B and wrote the code for the experiments contained in the paper.

C.3 Presentation Feedback Incorporation

Vishal Feedback: To address the first comment on a broader lit review, we incorporated a greater
range of contextual bandit sources and previous ideas from the warm-start literature. Additionally
we explained where we are positioned with respect to the rest of the warm-start literature and how
our approach differs. Second we clarified the difference between the finite estimation error and
population level bias induced by pseudo-data both in the theorems’ text and the surrounding prose.
We emphasize that the implications associated with the population bias term is the main focus of
our work. Third we clearly describe the the “knobs" available to us at the start of the experimental
section, both to inform the experiments run and frame how the analysis can be operationalized.

Reviewer 1: To address the first comment of clarifying rationality, we simplified the definition
in this text and added an explanation of what rationality means along with its implications. Second
the reviewer requested that the experiments be discussed in greater detail. To that end we clearly
explained the experimental setup in the text, added an appendix with additional experimental details,
and added visualization to illustrate how we generate the synthetic data.

Reviewer 2: To address the first comment of clarifying the relationship between regularization
and data injection we formalize the correspondence as proposition 2.1. We also describe the corre-
spondence using the intuition of priors both in prose and formally with proposition 2.2. Second review
2 (along with reviewer 1) requested an experiment with real world data, which we incorporate by
testing out method on a real-world stochastic shortest path dataset provided by “Uber Movement". As
per the reviewers recommendation we clarify that the proposed methods are limited to and designed
for settings where priors are available to the practitioner.

C.4 Code Review Feedback Incorporation

The feedback we received primarily focused on organizational structure of the codebase, rather than
mechanics. Thus, no changes needed to be made to the code for the purposes of rerunning any
experiments. The main point of feedback was that the various experimental files reuse a fair bit of
code which could be either factored out or exposed to the CLI as a single script with more input
parameters. These are changes that we plan to incorporate should the code become public in the
future.
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