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Abstract

In marketing contexts multi-touch attribution (MTA) aims to assign credit to a
sequence of observed advertisements influencing a customer’s decision to make
a purchase. Existing state-of-the-art models often rely on opaque black-box pre-
dictors with post-hoc attribution (e.g., approximate Shapley values), which can be
difficult to interpret and operationalize. We propose STDA, a novel interpretable
State and Time Dependent Multi-Touch Attribution framework that explicitly
models how advertising exposures accumulate and decay in a customer’s latent
purchase propensity. To efficiently solve the resulting optimization problem, we
propose a multi-block penalty algorithm that employs a dynamic programming
based splitting scheme and a knowledge distillation step, enabling computational
tractability at scale. On synthetic data with known ground truth, the proposed
algorithm is robust to noise and recovers accurate purchase patterns. On a large
real-world dataset provided by a leading financial services provider, the proposed
approach matches or outperforms black-box methods from the literature, while
preserving white-box attribution.

Preprint.



Figure 1: Modeling schematics of the proposed MBPD algorithm. The MBPD algorithm iteratively
identifies periods with positive effects on a customer’s purchase propensity through a learned SVM in
feature space (A), incorporates the positive effects into the customer’s purchase propensity state (B),
then tunes a learnable advertisement impact function gξ(xi

t) (C). Each learned decision boundary is
brought together through a knowledge distillation step (D), which encourages consistency across time
and yields a single stabilized decision boundary. The credit allocations are then directly recovered
from the learned decision boundary and period valences.

1 Introduction

With the growth of digital advertising campaigns has come an increase in customer-level tracking of
responses and behaviors. A typical customer in this scenario is targeted and influenced by multiple
advertisements before they make a decision. In this context an advertisement is defined as a deliberate
time-indexed, customer-specific marketing exposure that is recordable as an observable event, such
as a web pop-up, email, or mobile notification. In this setting the problem of multi-touch attribution
(MTA) involves (i) assigning credit to these advertisements based on the influence they have on a
customer’s decision to make a purchase and (ii) predicting whether or not a customer will make a
purchase given the types of advertisements they have observed. The attribution problem is challenging
because a customer’s purchase is observed only after a potentially long sequence of exposures with no
direct information about which advertisements were critical. Additionally, advertisements typically
interact non-linearly, have delayed effects on customers, and involve large, imbalanced datasets.

1.1 Related work & contributions

Previous works in the predictive MTA literature focuses on building statistical attribution models
to measure the impact of marketing efforts on customer behavior. Methods developed over the past
decade can be broadly categorized into white and black-box models. Popular white-box models
include Li and Kannan [1], who introduces a customized Markov chain model to explicitly model
purchase transition probabilities, and Zhang et al. [2], who uses a hazard-based survival model that
takes into account time decay in ad-exposure response. The predominant approach, however, are
black-box schemes that seek machine learned response models to allocate credit across advertisements.
Examples include Shao and Li [3], who uses a bagged logistic regression model, Ren et al. [4] who
uses dual-attention Recurrent Neural Networks (RNN), Du et al. [5] who also uses an RNN response
model with an approximate Shapeley additve explanations (SHAP) value credit allocation scheme,
and Yang et al. [6] who uses a long short-term memory (LSTM) response model with approximate
SHAP credit. We acknowledge that there is a class of MTA approaches that do not exclusively
use predictive models to assign attribution weights, but instead incorporate causality by combining
randomized controlled trials with attention-based response models. However causal models typically
require strict assumptions on the underlying data generation process such as ignorability (i.e no
unobserved-confounders) [7, 8, 9, 10]. Our work does not impose such assumptions and instead
contributes the body of predictive, not causal, MTA literature.

The growing trend towards difficult-to-interpret multi-touch attribution models can hamper the use
of these models because their insights are not easily translated into operational marketing strategies.
Much of this limitation stems from modern MTA models’ failing to explicitly model how and
when advertisements affect customer purchase propensity, despite the demonstrated effectiveness of
such structures in longitudinal advertising studies [11, 12, 13, 14, 15]. To that end, we propose an
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interpretable mixed-integer framework that explicitly models temporal purchase propensity through
structured state evolution which extends the recursive adstock models of [11, 12] by coupling such
dynamics across many customers and allowing for context-dependent jumps in purchase propensity.
The proposed framework also learns advertisement importance weights through a joint linear support
vector machine (SVM). We offer technical contributions in the form of a novel multi-block penalty
distillation (MBPD) algorithm for MTA, which solves problems with multi-agent coupled state
dynamics by shifting the computational burden to parallel shortest path subproblems and incorporates
a teacher-student distillation step. The modeling schema is summarized in Figure 1.

1.2 Outline

The remainder of the paper is organized as follows. Section 2 develops STDA, a novel modeling
framework for interpretable state- and time- dependent MTA relying on mixed-integer programming.
Section 3 presents the dynamic programming and knowledge distillation driven MBPD algorithm,
summarized in Figure 1, to heuristically solve the mixed-integer program at scale. Section 4 analyzes
the algorithm’s performance on synthetic datasets. We demonstrate that the proposed algorithm is
robust to noise, recovers accurate customer purchase patterns, and outperforms ADMM approaches
where dual ascent interacts poorly with integer constraints resulting in unstable integer iterates.
Relying on a real-world dataset from a large financial services provider, Section 5 shows that the
proposed framework matches or outperforms logistic regression, gradient-boosted trees, and LSTMs
while preserving white-box attribution.

2 Problem formulation

We assume access to a dataset detailing interactions of m customers across T time periods. For each
customer i ∈ {1, . . . ,m} = [m] and time period t ∈ [T ], we observe a tuple (xi

t, y
i
t), where xi

t are
the features (interaction and customer context) and yit ∈ {0, 1} is a binary response variable with
1 corresponding to customer i making a purchase at time t. The interaction data for customer i is
structured as xi = {xi

1, . . . ,x
i
T }, where

xi
t =

(
x1,it .. xna,i

t c1,it .. c
np,i
t

)
∈ Rd. (1)

The constant na is the total number of advertisement types and np is the total number of customer
context features. The elements xk,it denote the number of advertisements of type k shown to customer
i during time period t and ck,it denotes customer i’s kth context feature during time period t.

Given such data, we seek a model that predicts if and when a customer with particular feature data
{xi

t ∈ Rd, t = 1, . . . , T} will commit to a sale and which portion of that data affected the decision
the most. To keep track of the ith customer’s purchase propensity (willingness to purchase) at time t
we introduce the variable sit. We assume that sit builds incrementally toward a purchase threshold
of sit = 1 each time a customer has a positive interaction with an advertisement. However the
effects of those positive interactions diminish over time. To formalize this we let α be the discount
factor that determines the degree to which interactions are retained by a customer, and gξ(xi

t) be
a learnable function with parameter vector ξ that returns an impact of each positive interaction on
sit. We assume that gξ(xi

t) ≤ 1 which encodes that a single interaction cannot, by itself, exceed the
purchase threshold. Finally we treat zit as a period valence. If zit = 1 then the advertisements viewed
by customer i at time t had a positive impact on the customer’s purchase propensity and sit jumps
by the value gξ(xi

t). Putting all components together yields the recursion sit = αsit−1 + gξ(x
i
t)z

i
t,

which closely resembles adstock or Koyck distributed lag models of advertising [11, 12]. Unlike
most traditional adstock models, we assume that there exists a linear decision boundary described
by ω ∈ Rd, ω0 ∈ R such that if ⟨ω,xi

t⟩ + w0 > 0, then the interaction captured by xi
t is positive

(zit = 1), otherwise it is neutral (zit = 0).

Due to the structure of xi
t, the weight vector ω directly encodes the importance of each advertisement

type or context feature while also serving as a period valence decision boundary. In particular the
first na weights of the decision boundary corresponding to advertisement exposures admits a natural
interpretation as attribution scores. They quantify each advertisement type’s marginal contribution
to the positivity of an interaction. This means that the proposed optimization problem directly
incorporates marginal importance values of interactions into the model, which reduces the reliance
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on post-hoc approximate Shapley techniques. To find the decision boundary ω and parameter vector
ξ, we solve the mixed-integer problem

min
ω,ω0,s,z,ξ

m∑
i=1

T∑
t=1

ℓ(yit, s
i
t) + µ∥ω∥22 + β∥z∥1 + γ∥ω∥0 + λ∥ξ∥2

s.t. sit = αsit−1 + gξ(x
i
t)z

i
t, Mzit − 1 ≥ ⟨ω,xi

t⟩+ ω0 ≥ 1−M(1− zit)
zit ∈ {0, 1}, ∀i ∈ [m], t ∈ [T ],

(STDA)

where M is a sufficiently large number and ℓ(y, s) = λ11{y = 1, s < 1} + λ21{y = 0, s > 1},
where 1 is the indicator function. We refer to the mixed-integer optimization problem as the state- and
time- dependent attribution (STDA) problem. The L0- and L2-norm regularization induce sparsity in
ω and reduce decision boundary overfitting. We use L1-regularization of z to induce sparse period
valences and L2-regularizer on ξ to reduce overfitting of gξ. Intuitively as µ, γ →∞ the model will
settle at the trivial decision boundary of ω = 0, and as β →∞ the model will select fewer positive
periods. The (STDA) optimization problem can be specialized to other domains; see Appendix E.

3 Proposed algorithm

The large-scale multi-agent state dynamic coupling induced by the shared decision boundary vector
ω, creates global dependencies across customers and time that make solving (STDA) computationally
challenging at scale. In this section we develop a multi-block splitting scheme to develop a multi-
block penalty algorithm with knowledge distillation, to solve (STDA). We focus on the case where gξ
is trainable, and conclude with pseudo-code and implementation details for the proposed multi-block
penalty distillation algorithm (MBPD) for solving (STDA).

3.1 Consensus based splitting scheme for MBPD

To split (STDA) into several algorithmically manageable subproblems we begin by introducing
consensus copies of ω and ω0, yielding the following formulation:

min
s,z,u,v,Ω,σ,ξ

m∑
i=1

T∑
t=1

(
ℓ(yit, s

i
t) + β|zit|

)
+

T∑
t=1

µ∥Ωt∥22 + γ

T∑
t=1

∥σt∥0 + λ∥ξ∥2

s.t. sit = αsit−1 + uit (2a)

Mzit − 1 ≥ ⟨ωi
t,x

i
t⟩+ ωi

0,t ≥ 1−M(1− zit) (2b)

uit = zitv
i
t, vit = gξ(x

i
t), ωi

t = Ωt, ωi
0,t = Ω0,t (2c)

Ωt = Ωt−1, Ω0,t = Ω0,t−1, Ωt = σt, Ω0,t = σ0,t (2d)

zit ∈ {0, 1}, ∀i ∈ [m], t ∈ [T ]. (2e)

For the purpose of brevity, we write ω̃i
t = (ωi

t, ω
i
0,t), Ω̃t = (Ωt,Ω0,t), and σ̃t = (σt, σ0,t). Using

the abridged notation, we relax the problem by constructing an augmented objective function with
quadratic penalties for constraints (2c) and (2d). We leave constraints (2a) and (2b) as hard constraints.
We refer to the augmented objective as L(p) with parameters p = (s,z,u,v, ω̃, Ω̃, σ̃, ξ) and penalty
coefficients ρu, ρc, ρg, ρs, ρ0 > 0. The augmented objective L(p) is constructed using the standard
quadratic penalty construction, which for an arbitrary problem minx f(x) s.t g(x) = h(x) is
L(x) = f(x) + (ρ/2)∥g(x)− h(x)∥22. The objective is described in full within Appendix A.

We apply a five block splitting scheme to iteratively solve minp L(p) subject to constraints (2a) and
(2b). The splitting scheme we propose can be thought of as solving the first block to determine where
jumps in the customer’s purchase propensity should be. The second block determines the magnitude
of those jumps. The third and fourth block bring the copy variables together. The first four blocks are
summarized as component (A) and (B) of Figure 1. While the final block fits the gξ to the optimal
jump magnitudes and is captured by component (C) of Figure 1.

The first block is solved over (s, z,u, ω̃). When all other variables are “frozen" the problem becomes
separable over customers. Each customer subproblem can be recast into a dynamic program, where
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at each time period a valence zit is chosen. When zit = 1 then the magnitude of the resulting jump in
sit is additionally selected. Each dynamic program is

V i
t (s) = min

z∈{0,1}, u∈R

{
Ri

t(z, u, s) + V i
t+1(αs+ u)

}
,

Ri
t(z, u, s) = ℓ

(
yit, αs+ u

)
+ β|z|+ ρu

2

∥∥u− zvit∥∥22 + ψi
t(z)

ψi
t(z) = min

ω̃∈Rd+1

ρc

2

∥∥ω̃ − Ω̃t

∥∥2
2

s.t

{
⟨ω,xi

t⟩+ ω0 ≥ 1 z = 1

⟨ω,xi
t⟩+ ω0 ≤ −1 z = 0.

(3)

We describe the solution method for the dynamic program in Section 3.3. The second block is solved
over v. The resulting v-block update separates over (i, t) and admits the closed form solution

min
vi
t

ρu
2

∥∥uit− zitvit∥∥22 + ρg
2

∥∥vit − gξ(xi
t)
∥∥2
2
=⇒ vit =

ρuz
i
tu

i
t + ρggξ(x

i
t)

ρu(zit)
2 + ρg

, ∀i, t ∈ [m], [T ]. (4)

The third block subproblem is over σ̃, which separates in time and over the elements of σ̃, leaving us
with T (d+ 1) one-dimensional problems that admit closed form solution σ0,t = Ω0,t for all t ∈ [T ]
and a hard thresholding closed form solution

min
σ̃t,j

γ∥σt,j∥0 +
ρ0
2
(σ̃t,j − Ω̃t,j)

2 =⇒ σt,j =

{
0, if |Ωt,j | ≤

√
2γ/ρ0

Ωt,j otherwise,
∀t, j ∈ [T ], [d]. (5)

The fourth block is solved over Ω̃ which yields the quadratic optimization problem

min
Ω̃

T∑
t=1

(
µ∥Ωt∥22 +

ρc
2

m∑
i=1

∥∥ω̃i
t − Ω̃t

∥∥2
2
+
ρs
2

∥∥Ω̃t − Ω̃t−1

∥∥2
2
+
ρ0
2

∥∥Ω̃t − σ̃t

∥∥2
2

)
. (6)

The fifth block is solved over ξ. The resulting problem is

min
ξ

ρg
2

m∑
i=1

T∑
t=1

∥∥vit − gξ(xi
t)
∥∥2
2
+ λ ∥ξ∥22. (7)

Algorithmically these five-block are solved iteratively with the penalty coefficients ρu, ρc, ρg, ρs, ρ0
increasing after each iteration. The MBPD algorithm terminates when some stopping criteria is met,
which we discuss in the next section.

3.2 Stopping criteria and knowledge distillation step

We terminate the proposed MBPD algorithm if the binary variables z ∈ {0, 1}mT remain constant
for Kz iterations. The stopping criteria is intuitive since z encodes the time period valences for
all customers, which is precisely what the SVM decision boundary is designed to identify. Using
the z variables found through the multi-block penalty solver, we train an SVM which takes as
input the customer interaction data X and treats z = {zi}mi=1 as the labels to be predicted. The
process effectively collapses the consensus variables {ω̃t

i}
m,T
i,t=1 back to a single decision boundary

ω̃ = (ω, ω0) and is captured by component (D) of Figure 1. This step requires solving

min
w∈Rd, w0∈R

ν2
2
∥w∥22 + ν0 ∥w∥0 + C

m∑
i=1

T∑
t=1

max
{
0, 1− zti (⟨w,xt

i⟩+ ω0)
}
, (8)

where ν0, ν2 are regularization coefficients and C is a penalty parameter. To retain the same structure
as the original (STDA) problem ν0, ν2 and C are set to γ, µ and 1 respectively.

3.3 MBPD implementation
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Algorithm 1 MBPD Algorithm

1: Input: data (X ∈ RmTd,y ∈ {0, 1}mT ), coeffi-
cients β, µ, γ, λ, λ1, λ2, C, ν0, ν2 > 0, penalty param-
eters ρu, ρg , ρc, ρs, ρ0 > 0, Kmax, Kz , δ, ϵ > 1.

2: repeat
3: Block 1:
4: for i = 1, . . . ,m do
5: (si,k+1,zi,k+1,ui,k+1, ω̃i,k+1)← sol of (3)
6: end for
7: Block 2: vk+1 ← closed-form update (4)
8: Block 3: σ̃k+1 ← hard-thresholding update (5)
9: Block 4: Ω̃k+1 ← sol of (6)

10: Block 5: ξk+1 ← sol of (7)
11: Penalty updates & stopping:
12: Compute ∆zk+1 = ∥zk+1 − zk∥1
13: ρj ← ρjϵ for all j ∈ {u, g, c, s, 0}, k ← k + 1
14: until k ≥ Kmax or ∆zl = 0 for l = k −Kz , . . . , k
15: Distillation: Retrieve ω ← sol of (8)
16: Output: (sk,zk,uk, ξk),ω.

With the knowledge distillation step defined we
can compactly describe the multi-block penalty
distillation algorithm (MBPD) as algorithm 1.

Each subproblem (3), found in Block 1 of the
MBPD algorithm, can be viewed as a shortest
path problem over a weighted directed acyclic
(DAG) graph G = (V,E,w), where the vertices
are defined as V = {(t, s) : t = 1, . . . , T +
1, s ∈ R}, the edges exist between vertices of
the form (t, s) → (t + 1, s′) where s′ ≥ sα to
ensure non-negativity of u, and edge weights are
Ri

t(z, u, s) from equation (3) where u is implic-
itly s′ − αs. For learnable gξ, s is discretized
over a finite grid S = {0,∆s, 2∆s, . . . , Smax}.
We choose Smax = (1 − αT )/(1 − α), since
gξ is upper bounded by Umax = 1 and so
sit ≤

∑T+1
k=0 Umaxα

k = (1−αT )/(1−α). Each
customer subproblem can be solved in parallel
by a standard forward dynamic programming for DAGs or heuristic beam search algorithm in cases
where |S| is prohibitively large; see Appendix D.5 for more implementational details.

Block 2 and 3 have closed form solutions. Block 4 can be solved using the Thomas algorithm with
O(T ) iteration complexity since subproblem (6) has a tri-diagonal Hessian. For the purpose of this
paper we parameterize gξ as a multi-layer perceptron neural network with one hidden layer. This
choice of ad efficacy function means that g(xit) can be represented as W2 ·max{0,W1x

i
t+w1}+w2

which retains interetability of the model parameters. Specifically, the weights W1 and w1 can be
interpreted as linear gating hyperplanes that determines which ads to “accept" as having contributed
to changes in purchase propensity during a particular time period for a given customer. The weights
W2 and w2 corresponds to how much each “accepted" ad increases the purchase propensity of a
customer. Consequently, block 5 can be approximated by solving (7) through an iterative solver such
as stochastic gradient descent. As a simplifying assumption, the following section considers the case
where gξ is constant.

Remark 3.1 (Certificate of Accuracy). Note that a valid upper bound on the minimum objective
value of STDA is available through the distillation step wherein consensus among the copy variables
is forced using potentially suboptimal ξ and z generated by the algorithm. As a result, the distillation
produces a feasible but potentially suboptimal ω̃ decision boundary. Computing sit using the recursion
sit = αsit−1 + gξ(x

i
t)z

i
t and plugging the values into the STDA objective yields the upper bound.

A lower bound can be constructed by solving the Lagrangian relaxation of the consensus problem,
which separates along time and customers. Then for any choice of Lagrangian multiplier vectors, the
resulting minimum value is a valid lower bound. These bound provide a certificate of accuracy of
any solution provided by the proposed algorithm.

3.3.1 Fixed ad efficacy variation

Setting gξ equal to a fixed constant b corresponds to a case where for any positive group of interactions
the effect on the customer is a constant spike in their purchase propensity sit. This choice reduces
the complexity of the MBPD algorithm to a 3-block method. This can be seen clearly since the
uit = zitv

i
t and vit = gξ(x

i
t) constraints of problem (STDA) are rendered obsolete and as a result the

second and fifth block of the splitting scheme described in Section 3.1 can be removed. Additionally
the dynamic program in block 1 simplifies to a shortest path on a graph G = (V,E,w), where
V = {(t, s) : t = 1, . . . , T+1, s ∈ R}, each node has the two outgoing edges (t, s)→ (t+1, αs+b)
and (t, s)→ (t+ 1, αs) corresponding to actions zit = 1 and 0 respectively, and edge weights are
Ri

t(z, u, s) from equation (3). As a result of the finite number of outgoing edges the problem requires
no state discretization approximation. Otherwise the algorithm remains unchanged. The derivation of
the MBPD splitting scheme for the constant gξ variation tracks closely with the derivation in Section
3.1. Details are provided in Appendix B.
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4 Numerical experiments on synthetic data

In this section we discuss a synthetic data generation process, before applying the MBPD algorithm.
All computation in this section and Section 5 is performed on a Linux machine with 16 logical cores
and 16GB of RAM. To assess performance under the most transparent specialization of the model,
this section focuses on the simplified case where where gξ(xi

t) is set to a constant b. We also initially
test on small instances to allow comparison against direct solutions of (STDA) using Gurobi. We later
test in Section 5 on larger real-world datasets where Gurobi does not scale. We begin by presenting
how accurately the model predicts the period valences (zit) and whether the constructed sit vectors are
able to accurately predict whether a customer will purchase a product. We conclude with a discussion
on robustness to noise and a comparison to an alternating direction method of multipliers variation.

4.1 Synthetic data generation

To generate synthetic data (X,y) we first select d,m, T which are respectively the number of features,
customers, and time periods. Next we select the customers’ retention discount factor α ∈ (0, 1), the
interaction effect b ∈ (0, 1), and the initial purchase propensity s0 = 0 for each customer. Next we
choose an arbitrary ωtrue, ωtrue

0 to serve as the ground truth decision boundary between positive and
neutral time periods. Before finally generating random X̂ = {xt ∈ Rd}Tt=1 in which there exists a
subset G ⊆ X̂ , representing the set of positive time periods, such that

⟨ωtrue,xt⟩+ ωtrue
0

{
> 0, xt ∈ G
< 0, xt /∈ G

and |G| > 0.

We repeat this process for each customer to generate their respective interaction data, xi =
(xi

1, . . . ,x
i
T ). Next we set zit = 1 if ⟨ωtrue,xi

t⟩+ ωtrue
0 > 0 and 0 otherwise. Using the ground truth

time period valences we construct each customer’s true purchase propensity time series sit using the
recursion sit = αsit−1 + zitb. We assume that for any time period at which sit ≥ 1, the customer
makes a purchase. As a result we set yit = 1 if sit ≥ 1 and 0 otherwise. This data generation scheme
yields (X,y, z) along with true attribution weights ωtrue, ωtrue

0 .

4.2 MBPD performance

Throughout this section we use random synthetic datasets (X,y) generated using the parameters
m = T = 30, d = 2, α = 0.9, b = 0.7. The resulting (STDA) problem has 3600 constraints and
1803 variables. We then use the MBPD algorithm with fixed gξ and the same α, b parameters used
to generate the synthetic data, which we refer to as B-MBPD. We compare against an oracle which
solves the mixed-integer program (MIP) directly via Gurobi 12.0.3 with default solver parameters,
1 hour time limit and 1e-4 MIP gap stopping criterion. Next we construct a corresponding out-of-
sample dataset (X̄, ȳ, z̄) with m̄ customers for each random synthetic dataset (X,y) using the same
true decision boundaries and process described in Section 4.1.

We present the results in Table 1, where Acc is the percentage of the Tm̄ out-of-sample interaction
features xi

t that were correctly classified as having a positive or neutral effect and Accg is the
percentage of the out-of-sample m̄ customers that were correctly classified as having made or not
made a purchase during the T time periods. We also provide the precision and recall for the yit = 1
class, where precision is defined as the fraction of predicted positives that are true positives and recall
is defined as the fraction of true positives that are correctly identified.

On average the MBPD algorithm for Kmax = 250 and Gurobi MIP solver requires 4.5 and 0.5
seconds of walltime respectively on the synthetic data. As shown in the B-MBPD column of Table 1,
the method achieves valence and global accuracy that are close to the corresponding values obtained
by the Gurobi MIP solver. Moreover the standard deviation of valence and global accuracy for
the B-MBPD algorithm is small, indicating that a large fraction of runs maintain consistently high
accuracy. While Gurobi is capable of solving the MIP to optimality and producing higher valence and
global purchase accuracy than the MBPD on small synthetic datasets, as shown in the MIP column of
Table 1, such an approach does not scale to larger datasets. Additionally, comparing the valence and
global accuracy rows of Table 1, we find that the valence structure is recovered more faithfully than
the global purchase patterns for both the B-MBPD and Gurobi MIP solvers. This asymmetry is due
to error propagation in the latent state dynamics, where even a single misclassified valence can either
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push the state sit across the purchase threshold too early or prevent it from crossing at the correct time,
which degrades global prediction accuracy. The results of B-ADMM are discussed in Section 4.3.

Table 1: Synthetic classification performance across
100 random training datasets with m̄ = 10000
customers. The MBPD algorithm and ADMM-
Distillation are run with Kmax = 250 and gξ = b.

Target Metric b-mbpd mip b-admm

zit

Mean Acc 0.914 0.974 0.885
Std Acc 0.0854 0.0212 0.120
Mean Prec 0.791 0.941 0.701
Mean Rec 0.772 0.891 0.824

yit

Mean Accg 0.850 0.936 0.840
Std Accg 0.0827 0.0489 0.0901
Mean Precg 0.895 0.958 0.858
Mean Recg 0.927 0.960 0.966

We conclude with three auxiliary experiments.
First, we investigate the algorithm’s perfor-
mance under noisy interaction features xi

to mirror real-world uncertainty in how cus-
tomers interact with advertisements. Specif-
ically we let xi

δ = xi + [N (0, δ)]d,Ti,j . The
results in the B-MBPD column of Table 4 re-
flect that as noise scales there is only a small
decrease in valence and global accuracy. This
indicates that the MBPD algorithm is robust
to noise in terms of finding effective valence
decision boundaries. Second we scale the syn-
thetic datasets to 80201 variables and 160000
and report the valence accuracy in Table 3.
We find that as the synthetic dataset grows in
size the valence accuracy remains stable and
runtime scale linearly in T . Third a fix a random dataset and study the effects of varying α and b on
the learned decision boundary. As expected, we find that as α and b decrease the learned decision
boundary must classify more period as “good" in order to achieve high global prediction accuracy. In
this way, adjusting α and b can be viewed as adjusting the threshold for what constitutes a good or
neutral time period; see Appendix D.3.

4.3 ADMM-distillation variation & comparison

Figure 2: Stability of the valence variables z for
ADMM-Distillation and MBPD algorithms. Left
panels show the objective value across iterations.
Right panels show the change in z over iterations,
∥z∥1, and the average ∥z∥1 for z obtained by
solving the MIP via Gurobi. Quantities contain
the mean across runs ± one standard deviation.

Figure 3: Precision, recall, F1, and accuracy
for the MBPD algorithm with fixed gξ and
Context-Enriched features when the top K fea-
tures ranked by the magnitude of their corre-
sponding ω elements are nullified.

A natural extension of the MBPD algorithm,
which can be viewed as an alternating min-
imization scheme, is the alternating direction
method of multipliers (ADMM). Incorporating an
ADMM-type ascent-descent scheme replaces the
quadratic penalty objective L with an augmented
Lagrangian L̄, from which five new block subprob-
lem are derived, and a dual-ascent step is added.
For our purposes, the augmented Lagrangian is
constructed by relaxing constraints (2c) and (2d),
and leaving constraint (2a) and (2b) as hard con-
straints. Otherwise the algorithm remains sim-
ilar. We refer to the resulting algorithm as the
ADMM-Distillation algorithm. The derivation of
ADMM-Distillation is similar to that of MBPD;
see Appendix C.

In Tables 1 and 4 we show that the ADMM-
Distillation variation with fixed gξ (B-ADMM)
consistently under performs the MBPD algorithm
with fixed gξ on valence accuracy, global purchase
accuracy, and most notably when noise is intro-
duced to the feature space. To examine this behav-
ioral difference, we inspect ∆zk = ∥zk−zk−1∥1,
which captures how stable the binary variables are
from iteration to iteration in Figure 2. We find
that the MBPD algorithm has binary variables z
that stabilize rapidly toward the z∗ found by solv-
ing the MIP using Gurobi, which enables a quick
transition toward the distillation step. Whereas the
ADMM-Distillation method does not exhibit the
same stabilization and rarely meets the stopping
criteria described in Section 3.2. This makes the
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ADMM scheme’s distillation step unreliable and results in an average walltime of 46 seconds across
the runs in Table 1. Such behavior is consistent with instability in the dual variables induced by the
nonconvex integer constraints. Consequently, we employ only the MBPD algorithm in the subsequent
case study, since it provides stable valence estimates and reliable distillation behavior.

5 Case study

In this section we investigate the ability of the proposed MBPD algorithm to allocate credit across
financial services advertisements. The data (X,y) is of the same form described in equation (1) with
217 unique advertisement and 31 customer features. The MTA dataset is comprised of 4666 randomly
sampled customers with a total of 365290 advertisements observed over 90 days. The data used is
confirmed to contain no personal identifiable information. We find that 14.5% of customers ever make
a purchase, 0.3% of advertisements are the last touch before a purchase, and on average a customer
who makes a purchase interacts with approximately 49.8 advertisements before the purchase event
indicating delays in conversion signals. Consequently the dataset used is representative of many
longitudinal MTA datasets and provides a robust testbed to study the MBPD algorithm.

5.1 Case study set up

We begin with the application of the MBPD algorithm to solve (STDA), where (X,y) is the financial
services MTA data described above. Given the size of the data the resulting optimization problem
contains 1679760 constraints and approximately 840190 variables depending on the structure of xi

t
and size of ξ. For both cases of gξ we tune parameters λ1, λ2, α, and the purchase threshold which
was previously set to 1 to maximize the model’s recall on the yit = 1 class. In the fixed gξ we tune the
constant b. In the learnable gξ case we parameterize gξ as a fully connected multi-layer perceptron
neural network with 1 hidden layer using Pytorch 2.9.1 and tune the input dimension of the hidden
layer. We denote the MBPD algorithm with gξ parametrized as a neural network as NN-MBPD and
the fixed g variant as b-MBPD. In both cases we set Kmax = 250.

5.2 Case study results

Table 2: Global purchase metrics for nn-MBPD,
b-MBPD, Logistic Regression (LR), XGBoost
(XGB), and LSTM. Values denote mean ± stan-
dard deviation across 5-fold cross validation.

MODEL ACCg PRECg RECg

NN-MBPD .851± .035 .538± .034 .215± .051
B-MBPD .766± .041 .257± .059 .225± .028

LR .689± .027 .250± .032 .629± .099
XGB .833± .023 .453± .089 .139± .025
LSTM .709± .029 .230± .051 .478± .092

To benchmark the proposed method we deploy
three commonly used models for the task of
multi-touch attribution (MTA) and present the
global purchase accuracy results in the bench-
mark group of Table 2. Specifically we bench-
mark the MBPD algorithm using the prevailing
strategy in recent years, which has been to train
supervised learning models like logistic regres-
sion, tree-based ensembles, or neural sequence
models on the customer’s full history of adver-
tisement interactions [3, 16, 17, 18]. The details
regarding hyper parameter tuning of the bench-
mark models is left to Appendix D.6. We view
our incremental solution approach, of tracking
and updating the purchase propensity state, as a mechanism to accomplish purchase outcome predic-
tion and interpretable attribution. Indeed, the benchmarked models accomplish the same fundamental
task of predicting purchase outcomes then extracting attributions using Shapely values and are com-
monly used as benchmarks in the MTA literature [2, 5, 18, 16, 19, 20]. We use a train-validate-test
split of 3:1:1 for all models. Note that the ground truth period valence is unavailable in a real-world
setting, so we provide the 5-fold cross validated results for predicting global accuracy in Table 2.

On average the B-MBPD and NN-MBPD algorithm applied to the financial services dataset had
walltime of 26 minutes and 32 minutes respectively. Whereas the Gurobi MIP solver times out
after 1 hour without reaching the 1e-4 MIP gap stopping criteria. Both the learnable and fixed gξ
cases exhibit high global purchase accuracy in the fixed and flex rows of Table 2. Additionally, in
Figure 3, we find that the decision boundary weights are able to attribute the most important features
correctly. Specifically if we remove the top K advertisement types from the dataset, ranked by
the magnitude of their corresponding ω element, we observe a substantial decrease in precision,
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recall, and f1 scores. Additionally, accuracy increases to 0.855, however this increase corresponds
to the model approaching a trivial no-purchase classifier. The output of the model can be further
processed to produce customer trajectories over a sequence of advertisements leading to a purchase
which is explored in Appendix G. We find that XGBoost (XGB), in the Bench row of tables 2,
achieves the highest accuracy but the lowest recall among the benchmarks which indicates that few
converted customers are successfully identified. In contrast, logistic regression (LR) and LSTM
exhibit low accuracy but high recall and precision, which suggests over-classification of purchases.
The white-box additive hazard model developed by [2] collapses to a trivial classifier that nearly
always predicts no-purchase. On the large real-world financial services MTA dataset discussed above,
MBPD with b-MBPD attains .766 accuracy on average which remains competitive with benchmarks
while retaining easily interpretable model weights. Replacing b with a learnable gξ increases accuracy
and precision to 0.851 and 0.538, which outperforms all tested baselines. We leave the door open for
more flexible or domain-specific choices of g based on a practitioner’s desired model interpretability.

6 Conclusion & limitations

We propose an interpretable, state- and time- dependent model for multi-touch attribution that
explicitly models how advertising interactions accumulate and decay in a customer’s latent purchase
propensity. We then introduce the scalable MBPD algorithm using consensus decoupling, multi-block
minimization, and a knowledge distillation step. We conclude that the proposed MBPD algorithm
exhibits stability in the integer variables which enables effective knowledge distillation. Second, that
it is possible to bridge the gap between the interpretability of classical adstock models and neural
approaches. We note a few limitations. First, the use of customer features within the proposed
model and many other methods for MTA may include direct or indirect indications of a customer’s
membership within a protected group. To this end deployment of MTA algorithms should always
be accompanied by regular fairness and transparency audits. Second, that global optimality cannot
be guaranteed but optimality can be quantified. Some future directions includes testing augmented
version of the model proposed in Appendix E and investigating the incorporation of causal data with
and without ignorability assumptions.
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Appendix

A Full augmented objective with quadratic penalties for problem (2)

In section 3 we propose problem (2) with consensus copies. We relax the problem by constructing
an augmented objective function with quadratic penalties for constraints (2c) and (2d). We leave
constraints (2a) and (2b) as hard constraints. Recall that p = (s,z,u,v, ω̃, Ω̃, σ̃, ξ) and the
convention established in Section 2. Specifically, that ω̃i

t = (ωi
t, ω

i
0,t), Ω̃t = (Ωt,Ω0,t) and

σ̃t = (σt, σ0,t). The resulting augmented objective is

L(p) =
m∑
i=1

T∑
t=1

ℓ(yit, s
i
t) + β

m∑
i=1

T∑
t=1

|zit|+
T∑

t=1

µ∥Ωt∥22 + γ

T∑
t=1

∥σt∥0 + λ∥ξ∥22

+
ρu
2

m∑
i=1

T∑
t=1

(
uit − zitvit

)2
+
ρg
2

m∑
i=1

T∑
t=1

(
vit − gξ(xi

t)
)2

+
ρc
2

m∑
i=1

T∑
t=1

∥∥∥ω̃i
t − Ω̃t

∥∥∥2
2
+
ρs
2

T∑
t=2

∥∥∥Ω̃t − Ω̃t−1

∥∥∥2
2
+
ρ0
2

T∑
t=1

∥∥∥Ω̃t − σ̃t

∥∥∥2
2
.

(9)

B MBPD algorithm for fixed b

When gξ(xi
t) is set to a constant b, problem (STDA) reduces to

min
ω,ω0,s,z

m∑
i=1

T∑
t=1

ℓ(yit, s
i
t) + µ∥ω∥22 + β∥z∥1 + γ∥ω∥0 (10a)

s.t. sit = αsit−1 + bzit ∀i ∈ [m], ∀t ∈ [T ] (10b)

− 1 +Mzit ≥ ⟨ω,xi
t⟩+ ω0 ≥ 1−M(1− zit) ∀i ∈ [m],∀t ∈ [T ] (10c)

z ∈ {0, 1}mT . (10d)

To solve this problem we first introduce consensus copies of ω. Specifically we introduce ωi
t ∈ Rd

and Ωt ∈ Rd then add the additional constraints (ωi
t, ω

i
0,t) = (Ωt,Ω0,t), and (Ωt,Ω0,t−1) =

(Ωt−1,Ω0,t−1) for all t = 1, . . . , T and i = 1, . . . ,m. We also introduce σt and σ0,t as copy
variables of Ωt and Ω0,t respectively, along with constraints (Ωt,Ω0,t) = (σt, σ0,t). Next we
construct the augmented objective function with quadratic penalties. Using the same convention
established in Section 2 that ω̃i

t = (ωi
t, ω

i
0,t), Ω̃t = (Ωt,Ω0,t) and σ̃t = (σt, σ0,t), we get that the

penalty augmented optimization problem is

min
s,z,ω,Ω,σ

Lb(s, z,ω,Ω,σ) =

m∑
i=1

T∑
t=1

(
ℓ(yit, s

i
t) + β|zit|

)
+

T∑
t=1

µ∥Ωt∥22 + γ

T∑
t=1

∥Ωt∥0

+

m∑
i=1

T∑
t=1

ρc
2
∥ω̃i

t − Ω̃t∥22 +
T∑

t=2

ρs
2
∥Ω̃t − Ω̃t−1∥22 +

T∑
t=1

ρ0
2
∥Ω̃t − σ̃t∥22

s.t sit = αst−1 + bzit ∀i ∈ [m], ∀t ∈ [T ]

−1 +Mzit ≥ ⟨ωi
t,x

i
t⟩+ ωi

0,t ≥ 1−M(1− zit) ∀i ∈ [m],∀t ∈ [T ]

z ∈ {0, 1}mT .
(11)

To solve the penalty augmented problem, we employ a similar multi-block splitting scheme. We
opt to solve the problem in three blocks where the first block is over (s, z, ω̃),the second block is
over σ̃,and the third block is over Ω̃. The subproblem for the first block splits into single customer
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problems for i = 1, . . . ,m of the form

min
s,z,ω̃

T∑
t=1

(
ℓ(yit, s

i
t) + β∥zit∥1 +

ρc
2
∥ω̃i

t − Ω̃t∥22
)

(12a)

s.t sit = αsit−1 + bzit ∀t ∈ [T ] (12b)

−1 +Mzit ≥ ⟨ωi
t,x

i
t⟩+ ωi

0,t ≥ 1−M(1− zit) ∀t ∈ [T ] (12c)

z ∈ {0, 1}mT . (12d)

We can solve the problem as the following dynamic program.

V i
t (s) = min

z∈{0,1}

{
ℓ(yit, αs+ bz) + β∥z∥1 + ψ(z) + V i

t+1(αs+ bz)
}

(13a)

ψ(z) = min
ω̃

ρc
2
∥ω̃ − Ω̃t∥22 s.t

{
⟨ω,xi

t⟩+ ωi
0,t ≥ 1 if z = 1

⟨ω,xi
t⟩+ ωi

0,t ≤ −1 if z = 0.
(13b)

The second block subproblem is over σ̃ which reduces to problem (5). Finally, to the solve the 3rd
block subproblem over Ω̃, we can solve the following quadratic program.

min
Ω̃

T∑
t=1

(
µ∥Ωt∥22 +

ρc
2

m∑
i=1

∥ω̃i
t − Ω̃t∥22 +

ρs
2
∥Ω̃t − Ω̃t−1∥22 +

ρ0
2
∥Ω̃t − σ̃t∥22

)
. (14)

As described in Section 3.3.1, The MBPD algorithm remains the same except that the five block
problems are replaced with the minimization blocks described above and the dynamic program can
be solved without approximation.

C ADMM-Distillation derivation

In this section we derive the natural counterpart of the MBPD algorithm; the ADMM-Distillation
algorithm. We derive the algorithm for the learnable gξ case. Like Appendix B the derivation for the
fixed gξ case is similar in structure. To incorporate an ADMM-type scheme into the MBPD algorithm
we begin by introducing consensus copies of ω and ω0. This yields problem (2). We then apply the
alternating direction method of multipliers (ADMM) approach to solve problem (2). The first step
in applying ADMM is constructing an augmented Lagrangian. To do so, we relax constraints (2c)
and (2d) within the augmented Lagrangian and leave constraint (2a) and (2b) as hard constraints. We
make use of the standard two-norm augmented Lagrangian construction (see, e.g., [21, Section 6.B])
which yields

L̄(p, p̂) =
m∑
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T∑
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(15)
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where p = (s, z,u,v, ω̃, Ω̃, σ̃, ξ) are the primal variables, the corresponding dual variables p̂ =

(û, v̂, ω̂, Ω̂, σ̂), and penalty variables are ρu, ρc, ρg, ρs, ρ0 > 0.

Algorithmically, ADMM requires first making an initial guess of p̂(0), second solving p(k+1) ←
argminp L̄(p; p̂(k)) subject to the un-relaxed constraints (2a) and (2b), third updating the dual
variables as

û
i,(k+1)
t ← û

i,(k)
t + ρu

(
u
i,(k+1)
t − zi,(k+1)

t v
i,(k+1)
t

)
,
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t ← v̂
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(
v
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t)
)
,

ω̂
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t ← ω̂
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(
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t − Ω̃

(k+1)
t

)
,

Ω̂
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t ← Ω̂
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,
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t ← σ̂

(k)
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(
Ω̃
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t − σ̃

(k+1)
t

)
,

(16)

then iterating. We split the problem, minp L̄(p; p̂(k)) subject to (2a) and (2b), into five separate
blocks that are updated sequentially within each ADMM iteration. The first block is solved over
(s, z,u, ω̃). When all other variables are “frozen" the problem becomes separable over customers.
After completing the square and dropping constant terms within the augmented Lagrangian, we find
that the ith customer’s subproblem is

min
si,ui,zi,ω̃i

T∑
t=1

(
ℓ(yit, s

i
t) +

ρu

2

∥∥uit − zitvit + 1
ρu
ûit
∥∥2
2
+ β|zit|+

ρc

2

∥∥ω̃i
t − Ω̃t +

1
ρc
ω̂i

t

∥∥2
2

)
s.t. sit = αsit−1 + uit ∀i ∈ [m], t ∈ [T ],

− 1 +Mzit ≥ ⟨ωi
t,x

i
t⟩+ ωi

0,t ≥ 1−M(1− zit) ∀i ∈ [m], t ∈ [T ],

zi ∈ {0, 1}T .

Each customer subproblem can be recast into a dynamic program

V i
t (s) = min

z∈{0,1}, u∈R

{
Ri

t(z, u, s) + V i
t+1(αs+ u)

}
,

Ri
t(z, u, s) = ℓ

(
yit, αs+ u

)
+ β|z|+ ρu

2

∥∥u− zvit + 1
ρu
ûit
∥∥2
2
+ ψi

t(z)

ψi
t(z) = min

ω̃∈Rd+1

ρc

2

∥∥ω̃ − Ω̃t +
1
ρc
ω̂i

t

∥∥2
2

s.t

{
⟨ω,xi

t⟩+ ω0 ≥ 1 z = 1

⟨ω,xi
t⟩+ ω0 ≤ −1 z = 0.

(17)

The second block is solved over v. The resulting problem is

min
v

ρu
2

∑
i,t

∥∥∥uit − zitvit + 1
ρu
ûit

∥∥∥2
2
+
ρg
2

∑
i,t

∥∥∥vit − gξ(xi
t) +

1
ρg
v̂it

∥∥∥2
2
,

which separates over (i, t) and admits the closed form solution

vit =
ρuz

i
t

(
uit +

1
ρu
ûit

)
+ ρg

(
gξ(x

i
t)− 1

ρg
v̂it

)
ρu(zit)

2 + ρg
. (18)

for all i ∈ [m] and t ∈ [T ]. The third block subproblem is over σ̃, which separates in time and in the
elements of σ̃, leaving us with T (d+ 1) one-dimensional problems

min
σt,j

γ∥σt,j∥0 +
ρ0
2

(
σt,j −

(
Ω̃t,j +

1
ρ0
σ̂t,j

))2

. (19)

Subproblem (19) permits a closed form solution of σ0,t = Ω0,t + σ̂0,t and a hard thresholding closed
form solution

σt,j =

{
0, if |Ωt,j + σ̂t,j | ≤

√
2γ/ρ0

Ωt,j + σ̂t,j otherwise,
(20)
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Algorithm 2 ADMM-Distillation for problem (STDA)

1: Input: data (X ∈ RmTd,y ∈ {0, 1}mT ), coefficients β, µ, γ, λ, λ1, λ2, C, ν0, ν2 > 0, penalty parameters
ρu, ρg, ρc, ρs, ρ0 > 0, max iterations Kmax, z window Kz , residual threshold δ, and k = 0

2: g Type: gflex ∼ Learnable gξ ∈ {True,False}

3: repeat

4: Block 1:
5: for i = 1, . . . ,m do
6: (si,k+1,zi,k+1,ui,k+1, ω̃i,k+1)← Dynamic program (17) for customer i
7: end for

8: Block 2: vk+1 ← closed-form update (18) if gflex
9: Block 3: σ̃k+1 ← hard-thresholding update (20)

10: Block 4 Ω̃k+1 ← solution of (21)

11: Block 5: ξk+1 ← solution of (22) if gflex
12: Dual updates & stopping:
13: Update dual variables via (16).
14: Compute ∆zk+1 = ∥zk+1 − zk∥1.
15: k ← k + 1

16: until k ≥ Kmax or ∆zl = 0 for l = k −Kz, . . . , k

17: Distillation: Retrieve ω ← solution of (8)

18: Output: (sk,zk,uk, ξk),ω.

for all j ∈ [d] and t ∈ [T ]. The fourth block is solved over Ω̃ which yields the quadratic problem

min
Ω̃

T∑
t=1

(
µ∥Ωt∥22 +

ρc
2

m∑
i=1

∥∥ω̃i
t − Ω̃t +

1

ρc
ω̂i

t

∥∥2
2
+
ρs
2

∥∥Ω̃t − Ω̃t−1 +
1

ρs
Ω̂t

∥∥2
2

+
ρ0
2

∥∥Ω̃t − σ̃t +
1

ρ0
σ̂t

∥∥2
2

)
.

(21)

The fifth block is solved over ξ and involves minimizing a quadratic penalty associated with the
vit = gξ(x

i
t) constraint,

min
ξ

ρg
2

m∑
i=1

T∑
t=1

∥∥∥ vit − gξ(xi
t) +

1
ρg
v̂it

∥∥∥2
2
+ λ ∥ξ∥22. (22)

Incorporating these minimization block problems into the MBPD algorithm and recognizing that in
the fixed gξ case block two and five are removed, we get algorithm 2. We treat gflex as a toggle that
enables the learnable gξ case.

D Additional experiments & experimental details

D.1 Scalability of synthetic experiments

In this section we test the proposed MBPD algorithm with flexible gξ on larger synthetic datasets
constructed using the methodology described in Section 4.1. Specifically we test the algorithm’s
valence accuracy on a grid of synthetic datasets with time periods T , number of customers m, and
number of features d ranging from 20-200. This means that the number of variables and constraints in
the SDTA formulation ranged from 821 to 80201 and 1600 to 160000 respectively. We also record the
peak memory consumption and average runtime of each (T,m, d) tuple in table 3. We found that as
the number of variables/constraints increased the valence accuracy remained roughly stable. Runtime
scales approximately linearly in the time horizon T and sublinearly in the number of customers m
and the feature dimension d.
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T m d Runtime (s) Valence Acc.
20 20 20 15.95 0.901
20 20 100 17.57 0.835
20 20 200 21.17 0.845
20 100 20 27.46 0.835
20 100 100 29.15 0.860
20 100 200 30.73 0.850
20 200 20 37.87 0.825
20 200 100 39.78 0.845
20 200 200 43.28 0.845
100 20 20 33.09 0.875
100 20 100 42.66 0.668
100 20 200 57.09 0.753
100 100 20 98.53 0.882
100 100 100 108.25 0.677
100 100 200 120.02 0.795
100 200 20 158.19 0.891
100 200 100 174.23 0.710
100 200 200 195.30 0.787
200 20 20 72.31 0.923
200 20 100 80.25 0.762
200 20 200 108.84 0.638
200 100 20 213.15 0.935
200 100 100 238.81 0.764
200 100 200 261.72 0.615
200 200 20 373.54 0.933
200 200 100 470.42 0.725
200 200 200 521.31 0.625

Table 3: Out-of-sample performance of the nn-MBPD algorithm across different problem sizes,
without early termination for 250 iterations. Presented are the average runtime and valence accuracy
across 10 datasets.

D.2 Noisy synthetic experiments

We repeat the experiment used to generate Table 1, except we let xi
δ = xi+[N (0, δ)]d,Ti,j . The results

in the B-MBPD column of Table 4 reflect that as noise scales there is only a small decrease in valence
and global accuracy. This indicates that the MBPD algorithm is robust to noise in terms of finding
effective valence decision boundaries.

Table 4: Synthetic classification performance across 100 random training datasets with m̄ = 10000
customers and with gaussian noise added to context with variance δ. The MBPD algorithm and
ADMM-Distillation are run with Kmax = 250 and gξ = b.

Target Noise b-mbpd b-admm

zit

δ = 0.1 0.912 0.839
δ = 0.5 0.925 0.837
δ = 1.0 0.925 0.811

yit

δ = 0.1 0.846 0.791
δ = 0.5 0.856 0.779
δ = 1.0 0.851 0.778

D.3 Sensitivity analysis on α and b in synthetic experiments.

In this section we discuss a sensitivity analysis of the state recursion parameters. Specifically we
study the sensitivity of the linear decision boundary, ω, to changes in the memory (α) and ad efficacy
(b) parameters. We found that varying α and b will have a “boundary shifting" effect. For example
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assume that the SDTA model was solved with fixed parameters α and b. We found that if we solve the
optimization problem again, with the same synthetic data where ground truth is known (described in
Section 4.1), but with a new parameter b̃ < b then each customer requires a larger number “good" time
periods to trigger a sale, and so the boundary will shift in order to classify more periods of interactions
as “good" periods. So in practice decrease or increasing b controls the operator’s threshold for a good
or neutral period of interactions. The same effect can be observed when decrease α, since such a
change corresponds to a more forgetful customer who will also require the classification of more
“good" time periods.

(a) Boundary shifting with b̃ (true b = 0.7). (b) Boundary shifting with α̃ (true α = 0.9).

Figure 4: Effect of misspecifying parameters on the decision boundary. The true boundary cor-
responds to the boundary used when generating the synthetic data used in this plot. Additionally
the true b and α used to generate the data were b = 0.7 and α = 0.9 respectively. Each blue line
corresponds to the decision boundary found by solving the SDTA problem using the MBPD approach
on the generated synthetic data.

D.4 Sensitivity to penalty parameters

We emphasize that the penalty coefficients ρu, ρg, ρs, ρ0 and ϵ are algorithmic parameters controlling
the convergence of the penalty based splitting scheme. This interpretation of these parameters’ role is
consistent with classical literature on ADMM, penalty methods, and augmented Lagrangian methods.
In these setting analytical results for the optimal selection of penalty parameters or growth rate ϵ are
limited. Even in cases where convergence guarantees exist, theory typically requires only that the
penalty parameters are sufficiently large without providing explicit selection rules. As a result, in
practice these parameters are selected using traditional hyper-parameter tuning or heuristics and are
problem-dependent.

In our experiments, we observe that the method is robust to a wide range of parameter choices
and enjoys small variation in final attribution vectors ω. Specifically selecting ρ ∈ [0.5, 5] and
ϵ ∈ [1.01, 1.5] typically yields stable solutions across synthetic datasets with a preference toward
small initial values of ρ and large values of ϵ.

Table 5: Coefficient of determination between the ω̃ retrieved from each run and the true ω used
during synthetic data generation. Used the nn-MBPD algorithm with 8 synthetic datasets.

ρinit\ϵ 1.01 1.10 1.25 1.50

0.5 0.139 0.108 0.081 0.081
1.0 0.111 0.092 0.071 0.079
2.0 0.098 0.075 0.070 0.078
5.0 0.108 0.088 0.089 0.091
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D.5 State space discretizations for problem (3)

The first block of the MBPD algorithm can be recast as a dynamic programming problem, which
can be viewed as a shortest path problem over a weighted directed acyclic graph. In theory this
problem can be solved by discretizing the state space and applying a standard backward dynamic
programming algorithm. However as noted in the section 3.3 we use a heuristic beam search algorithm
to solve the DP since this avoids the problem of needing to find an optimal discretization scheme.
Instead the beam search algorithm operates in continuous state space and prunes high-cost valence
sequences {zit}Tt=1. This means that in practice the discretizations of the state space is not a practical
consideration. However the beam width of the beam search algorithm is certainly of interest and the
sensitivity of the results the beam width can be studied. Beam-width controls the exactness of the
dynamic programming block solutions in block 1 of the MBPD algorithm.

Table 6: Relative variability of the L2 error between the recovered attribution vector and the true
attribution vector ω used to generate the synthetic data as a function of beam width. Values are
averaged over 8 randomly generated synthetic datasets using the nn-MBPD (flex) variant.

Beam width K Std/Mean
4 0.497
16 0.385
64 0.274

128 0.172

We observe that the coefficient of variation decreases with beam width. This indicates that the
variability of the recovered attribution vector relative to its magnitude predictable decreases as the
beam search approximation becomes more accurate. In other words choosing a large beam-width is
always better for solution accuracy and is limited only by the amount of compute available to the
practitioner. For our purposes we choose a beam-width of 64 as not to substantially limit the speed of
the MBPD algorithm.

D.6 Benchmark training details

In training the LSTM, XGB, and Logistic Regression baselines we tuned each model’s relevant hyper-
parameters using the Optuna library, which relies on Bayesian hyper-parameter tuning. Specifically
for XGB we tuned the number of trees, max depth of each tree, learning rate, minimum leaf weight,
and the minimum split gain (γ). For the Logistic Regression we tuned the L1 and L2 penalty
parameters and inverse regularization parameter C. We also tested each model in the hyper-parameter
grid with and without class weighting, along with the solver type. For the LST model we tuned the
hidden layer size on a range of 32-512, the number of layers on a range of 1− 5, the dropout rate,
learning rate and batch-size. Additionally we use a focal loss to handle the dataset’s severe purchase
to no-purchase class imbalance. Each benchmark model was tuned to maximize recall.

D.7 Ethics and generalizability of case study data

The real-world dataset we use utilizes fully de-identified customer-level behavioral data, confirmed to
be PII-free through the use of synthetic identifiers, and its external sharing was conducted following
all required internal ethics and governance procedures. Specifically we confirm that the real-world
dataset used for the application does not contain any columns classified as Personally Identifiable
Information. The data is at the customer level but uses only synthetic, system-generated, and
obfuscated identifiers (such as a Single Sign-On ID). These IDs are non-obvious pseudonyms and
cannot be traced back to an individual’s real-world identity without accessing a separate, secured
identity management database. Additionally the data share for this research was conducted under
the supervision of the financial institution’s business counsel and external data share team. The use
and sharing of this data were subject to internal review and consent procedures appropriate for the
data’s classification, which confirmed its suitability for external collaboration. We will include this
clarification in the revised draft of the paper.
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E Model variations

E.1 reversal

Currently the proposed optimization problem (STDA) permits consecutive customer purchases over
a contiguous period of time if sit ≥ 1 for a contiguous range of t. While in some advertising setting
such consecutive purchases are common, in others it may be more likely that once a customer has
made a purchase their propensity to make another purchase “resets." Formally, sit gets reset to 0 once
sit crosses the purchase threshold of 1. Such a modeling decision could better capture sparse purchase
behavior, and could be accomplished by solving

min
ω,ω0,s,r,z,u

m∑
i=1

T∑
t=1

ℓ(yit, s
i
t) + µ∥ω∥22 + β∥z∥1 + γ∥ω∥0 (23a)

s.t. rit = αsit−1 + bzit ∀i ∈ [m], ∀t ∈ [T ] (23b)

−Muit ≤ sit − rit ≤ Muit ∀i ∈ [m], ∀t ∈ [T ] (23c)

−M(1− uit) ≤ sit ≤ M(1− uit) ∀i ∈ [m], ∀t ∈ [T ] (23d)

− 1 +Mzit ≥ ⟨ω,xi
t⟩+ ω0 ≥ 1−M(1− zit) ∀i ∈ [m], ∀t ∈ [T ] (23e)

zit, u
i
t ∈ {0, 1} ∀i ∈ [m], ∀t ∈ [T ], (23f)

for the fixed gξ = b setting. In other words the additional constraints are enforcing that rit = αsit+bz
i
t

and that the state recursion is

sit =

{
rit if uit = 0

0 otherwise.
(24)

Algorithmically, the reversal variation is identical to the MBPD algorithm, with the exception that
when implementing the dynamic programming function we enforce that every time a customer passes
the sale threshold of 1 their respective sit is reset to 0.

E.2 Time-dependent decision boundaries

Problem (STDA) assumes that a group of m customer’s preferences are constant from time t = 1
to T . In some contexts it may be more likely that preferences slowely evolve over time. Such a
model is already built into the consensus formulations in equation (15) and (11). So long as the
penalty parameters do not grow too large, there is some flexibility for preferences to change overtime.
However such a change, where Ωt+1 is penalized for drifting too far from Ωt would reflect sticky
preferences. Algorithmically this corresponds, to simply treating {Ωt}Tt=1 as the final output of the
model instead of employing the distillation step.

E.3 Negative-neutral-positive time periods

Problem (STDA) assumes that a time-period is either positive or negative. In the fixed gξ = b case,
the problem assumes that during a positive time period the customer’s purchase propensity increases
by some fixed b, and during a neutral time period there is no jump in sit. Instead sit is allowed to
continue decaying with time at rate α. There may be some advertising settings where instead of the
period valence being binary, zit ∈ {−1, 0, 1} corresponding to a time period that has a negative impact
on the customer, a neutral effect on the customer and a positive effect on the customer respectively.
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Such a model could be achieved by adjusting model (10) as

min
ω, ω0, s, z,
r+, r0, r−

m∑
i=1

T∑
t=1

ℓ
(
yit, s

i
t

)
+ µ∥ω∥22 + β

m∑
i=1

T∑
t=1

|zit| + γ∥ω∥0 (25a)

s.t. sit = αsit−1 + b zit ∀i ∈ [m], ∀t ∈ [T ], (25b)

ri,+t + ri,0t + ri,−t = 1 ∀i ∈ [m], ∀t ∈ [T ], (25c)

zit = ri,+t − ri,−t ∀i ∈ [m], ∀t ∈ [T ], (25d)

−M
(
1− ri,+t

)
≤ ⟨ω,xi

t⟩+ ω0 ≤ M ∀i ∈ [m], ∀t ∈ [T ], (25e)

− ε−M
(
1− ri,0t

)
≤ ⟨ω,xi

t⟩+ ω0 ≤ M
(
1− ri,0t

)
∀i ∈ [m], ∀t ∈ [T ], (25f)

−M ≤ ⟨ω,xi
t⟩+ ω0 ≤ −ε+M

(
1− ri,−t

)
, ∀i ∈ [m], ∀t ∈ [T ], (25g)

ri,+t , ri,0t , ri,−t ∈ {0, 1} ∀i ∈ [m], ∀t ∈ [T ], (25h)

for some ϵ > 0. If the features xi
t lie on the positive side of the decision boundary then the time

period is classified as positive, if it lies on the negative side but has a score ⟨ω,xi
t⟩+ ω0 ≥ −ϵ then

the time period is neutral and if xi
t is far into the negative half-space then it is classified as a negative

time period with adverse effect −b on sit. This ablation would require a reformulation of the penalty
augmented problem in equation (11) and would therefor result in slightly different algorithms than
the MBPD algorithm. However the same algorithmic framework of splitting the problem into blocks
using consensus copies would still be applied.

E.4 Ownership classes

Problem (STDA) assumes that customers have homogeneous preferences. Such an assumption may
be acceptable if the customers are pre-split into groups and one finds decision boundaries for each
customer group. Alternatively we propose the following ablation. Assume that there are O ownership
classes, where if a customer already owns a certain subset of products then they will belong to an
ownership class. For example a potential two class structure would split customers into those that
own products typically associated with commercial or personal use. Let each customer’s ownership
data at time t be oi

t ∈ {0, 1}O. Then the model is defined as

min
ω,s,z

m∑
i=1

T∑
t=1

ℓ(yit, s
i
t) + µ∥ω∥22 + β∥z∥1 + γ∥ω∥0 (26a)

s.t. sit = αsit−1 + bzit ∀i ∈ [m], ∀t ∈ [T ] (26b)

− 1 +Mzit ≥ ⟨(ω,xi
t⟩+ ω0)

oi
t

∥oit∥22
≥ 1−M(1− zit) ∀i ∈ [m], ∀t ∈ [T ] (26c)

z ∈ {0, 1}mT ,ω ∈ RdO, ω0 ∈ RO. (26d)

This ablation can be understood as each ownership class having their own unique preferences
regarding which interaction types the class deems important. If a customer belongs to multiple
ownership classes then their decision boundary is the average decision boundary of each class the
customer belongs to. This particular model ablation can be expanded beyond ownership classes and
toward any segmentation of a population. We conclude by noting that ownership classes are well
studied indicators of distinct customer behavior [22].

E.5 K-SVM quantized distillation

Previously we discussed a potential ablation where the modeler explicitly constructs ownership
classes, however such a task may be difficult. We propose that, in order to construct customer
classes in an unsupervised fashion, the distillation step of the MBPD algorithm can be adjusted to
resemble a code-book style quantization training scheme. Specifically N different {(ωj ,ωj

0)}Nj=1
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would be initialized. Using the z period valences as labels, found using the MBPD algorithm, each
customer would be assigned to one of the N classes with parameters ωj ,ωj

0 that best reflects that
customers period valence data {zit}Tt=1. After each customer has been assigned, each class’s decision
boundary would be retrained using problem (8), followed by a reassignment of each customer. The
process would repeat iteratively until class participation stabilizes. Such a scheme would segment the
population based on their preferences (characterized by wj , wj

0), while simultaneously identifying
those preferences. The resulting problem is

min
ω,u

m∑
i=1

N∑
j=1

uij

( T∑
t=1

max{0, 1− zit(⟨ωj ,xi
t⟩+ wj

0)}
)
+ λ

N∑
j=1

∥wj∥22 + β

N∑
j=1

( m∑
i=1

uij −
m

N

)2

s.t
N∑
j=1

uij = 1, uij ≥ 0 ∀i ∈ [m], ∀j ∈ [N ],

where the final term is a regularizer that incentivizes classes of equal size.

F Alternative scoring metrics

Typically accuracy of a multi-touch-attribution model is determined by calculating

Acc1(s, y) =
1

m

m∑
i=1

T∑
t=1

∣∣∣1− (yit + I{∥sit∥ > 0})
∣∣∣. (27)

In other words, the customer is marked correct if the model correctly classifies the customer as having
made a purchase at any time in [1, T ]. However such an accuracy metric ignores whether the model
has the ability to predict when a purchase is made and how far sit was from the purchase threshold at
the time of purchase. To capture such qualities we define two more accuracy metrics. First we use
the piecewise constant ℓ(y, s) function described in Section 2 to define

Acc2(s, y) =
1

Tm

m∑
i=1

T∑
t=1

yit[1− ℓ(yit, sit)], (28)

which measures the average distance from the purchase threshold when a purchase is made. However
such a metric expects perfect alignment in time. Specifically if a customer makes a purchase at
time t∗, then ℓ marks any purchase prediction at time t∗ + δ for δ arbitrarily small, as incorrect.
Such a definition may be too strict for some use cases so, we define and additional accuracy metric,
Acc3(s, y)), as equation (28) where we use

ℓδ(y, s) =


λ1 min

(
1,

max(1− s, 0)
δ

)
, y = 1,

λ2 min

(
1,

max(s− 1, 0)

δ

)
, y = 0,

(29)

instead of ℓ. The accuracy metric Acc3(s, y) is distance sensitive so that if a customer makes a
purchase at time t∗ and the model predicts that the customer makes a purchase at time t∗ + δ then
this error is penalized less than a model that predicts a purchase at time t∗ + 2δ.

G Interpreting output

Next we discuss the interpretation of the model’s output in the context of multi-touch attribution.
After training a model by solving problem (STDA), we retrieve ω, ω0 and z. If we are only interested
in understanding which advertisements were the most important in triggering sales across all m
customers then the elements of ω already encode the relevant information. If we are only interested
in which time period had the highest efficacy then z already holds that information, since an effective
time period has zit = 1 and 0 otherwise. Consequently, we could observe time period importance
by computing 1

m (
∑m

i=1 z
i
1, . . . ,

∑m
i=1 z

i
T ). If we aim to construct customer “trajectories" to make
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statements like “customer i made a purchase after observing advertisement a1 → a2 → a3", then we
use the model outputs to directly construct the chain as

Ci =
(
zit · argmax1≤j≤d (ωjI{xj,it > 0})+ : t = 1, . . . , T

)
∈ {1, . . . , d}T

Ai =
(
zit ·max1≤j≤d (ωjI{xj,it > 0})+ : t = 1, . . . , T

)
∈ RT , Ãi = Ai/∥Ai∥2,

(30)

where (·)+ = max{·, 0}. Namely, on every positive time period that contributed to the customer’s
purchase, we select the top positive and present interaction advertisement type along with it’s corre-
sponding weight ωj . That interaction gets placed in the customer’s chain Ci and the corresponding
weight is placed in the corresponding customer attribution vector Ai which is normalized to Ãi. All
strictly positive elements of Ci and Ãi constitute the customers chain. One may be interested in
constructing a more complete chain with multiple advertisements per positive touch-point. In which
case we define a more general K interaction-per-touch chain that is constructed as

Si = {(ωjI{xj,i
t > 0})+ : j = 1, . . . , d}

Ci
(k) =

(
zit · arg TopK(Si) : t = 1, . . . , T

)
∈ {1, . . . , d}KT

Ai
(k) =

(
zit · TopK(Si) : t = 1, . . . , T

)
∈ RKT , Ãi

(k) = Ai
(k)/∥A

i
(k)∥2,

(31)

where the TopK(S) function returns the top K elements of a real-valued set S and arg TopK(S)
returns the indices corresponding to the top K elements of the set. Such a chain would enable more
complex analysis of attribution as a multi-dimensional quantity at each touch point.
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made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A [No] or
[N/A] answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitations in section 6.
Guidelines:

• The answer [N/A] means that the paper has no limitation while the answer [No] means
that the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate “Limitations” section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
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Justification: Core assumptions are contained in the main body and proofs are available in
the appendix.
Guidelines:

• The answer [N/A] means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: Yes, we provide experimental details in 4 and appendix D.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• If the paper includes experiments, a [No] answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [No]
Justification: We provide the code necessary to reproduce the main numerical experiments
on synthetic data. Due to restrictions associated with the financial-services collaboration,
we cannot publicly release the dataset required for section 5.
Guidelines:

• The answer [N/A] means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not
be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?
Answer: [Yes]
Justification: Yes, we provide experimental details in 4 and appendix D.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: We perform appropriate statistical tests and report the results in section 4 and
section 5.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The authors should answer [Yes] if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
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• It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

• It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

• If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: We report the appropriate computational resources in section 4.
Guidelines:

• The answer [N/A] means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: Yes, we adhere to the NeurIPS code of ethics.
Guidelines:

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.

• If the authors answer [No], they should explain the special circumstances that require a
deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: The societal impacts of our work is limited as its primarily theoretical in nature.
We report these limited potential societal harms in section 6.
Guidelines:

• The answer [N/A] means that there is no societal impact of the work performed.
• If the authors answer [N/A] or [No], they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: The paper does not release any new high-risk data or models.

Guidelines:

• The answer [N/A] means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Yes, our work uses open sources and the original owners are properly attributed.
The proprietary dataset used in Section 5 will be properly attributed after acceptance to
avoid revealing identifying information during the double-blind-review.

Guidelines:

• The answer [N/A] means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification: We only release code which is properly documented.
Guidelines:

• The answer [N/A] means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [N/A]
Justification: This work does not include human subjects.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [N/A]
Justification: This work does not include human subjects.
Guidelines:

• The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.
Answer: [N/A]
Justification: LLM were not used as a core component of the work.
Guidelines:

• The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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